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EAST RULES 

FOK THE 

MEASUREMENT OF EARTHWORKS, 

BY MEANS OF THE PRISMOmAL FORMULA. 



PRELIMUTAEY PROBLEMS. 



1. Oj the Frismoid. — Although this solid probably originated with 
the ancient geometers — Thomas Simpson (1750), an eminent mathe- 
matician of tJie last century, appears to have been the first, in later 
days, to demonstrate the rule for its solidity,* now accepted by 
modern meiisurators ; and he was soon followed by Hutton, in his 
quarto treatise on Mensuration,! who by another process again 
demonstrated the Prismoida! Rule, and at the same time laid the 
foundations of modern mensuration, in a manner so solid, that it has 
come down to our time, through various editors and commentators, 
subdantiaUy (in many cases literally) the same as established by Hut- 
ton in his femous work of 1770. 

Simpson's rule for the prismoid has been variously transformed, 
and written, and is now generally known by the name of the prismoi- 
dcUforrnvJa, of which we will give hereafter the usual expressions, as 
well as some useful modifications, the same in substance, but often 
more convenient for practical purposes. 

The solid called a Prismoid (from its general resemblance to a 
prism, and in like manner named from its base, triangular, rectangu- 
c.) 13 a body contained between two parallel planes, 

I's Doctrine of Pluiions. (1750), 8vo, London. 
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8 MEASUREMENT OF EARTHWORKS. 

its kiglit being iJieir perpendicular distance apart, its ends rectangles- 
and its faces pUme trapezoids; — and this Beema to be a sufficient defini- 
tion. Aa to auch form, all prismoids may be reduced or made equiixt- 
lent; but although this simple definition answers our purpoae of intro- 
ducing the rectangular prigmoid, Huiton's, Art. 3, is the atdkorita- 
live one. 

This solid is usually the frustum of a wedge ; but as the proportions 
of the ends are changed, it may become a ftustum of a pyramid, a 
complete pyramid, a wedge, or a prism ; and heoce it is indispensably 
necessary that the rule for its solidity should also hold for all these 
solids, which, in fact, it does. 

The ends may be, and often are, irregular polygons, but they must 
always coincide with the limiting parallel planes ; and though the 
solid may be quite oblique, its hight must be taken normal to the 
end planes. The faces are usually straight longitudinally, but this 
condition is not absolute, since the remarkable formula, deduced from 
the prismoid for its soJidity, applies as well to the volume of many 
curved solids in an extraordinary manner, of which the limits are not 
yet known, though more than a century h 




The mid-aeetion, inclu- 
ded by the usual priamoi- 
dal formula, must be in 
a plane parallel to, and 
equally distant from, those 
containing the ends, and 
is deduced from the arith- 
metical average of like 
parts in them. It is en- 
tirely hypothetical, or as- 
sumed for the purposes of 
computation, and haa no 
actual existence in the 
body ifselfi 

The reetangular pris- 
moid (usually regarded as 
the elementary figure of 
this solid) is a frustum 
of the wedge. 

(a.) Thus the prismoid AB {Fig. 1) is a frustum of the 

wedge AEC. 
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CHAP. I,— PRELIM. PROBS.— ART. 1. 9 

The wedge AEC itself being a triangular prism, truncated twice, 
the rectangular prismoid then is a triangular prism, trebly truncated : 
1st, by two cutting planes, reduced to a wedge; and 2nd, by another 
plane, to a priamoid (AB), the latter being parallel to the base, and 
by its section forming the top of the solid at B, 

The prisraoid, therefore, may be computed as a truncated triangu- 
lar prism or wedge, and the part cut ofi' deducted, in like manner as 
the frustum of a pyramid may be calculated as though the pyramid 
was complete, and then the truncated part computed separately and 
subtracted, leaving only the solidity of the frustum, subject, like the 
prismoid, to calculation, by more concise rules, if expedient. 

Referring now to Fig. 1. 

Let Abcdefhe the original triangular prism, truncated right and 
left by planes passing through A b and ef, reducing it jird to the 
wedge AE ; and secondly, by passing the plane B 2, parallel to the 
base eb, leaving as the residual solid, after three truncations, tlie 
Prismoid AB. 

Then, in the wedge AEC, the right section has a base of 4, a hight 
of 12, and area of 24, which, multiplied by i the sum of the lateral 
edges* (or 6?), gives a solidity of 160; while the wedge BCE, cut 
off, has a base of 2, and liight of 6, in its right section, or area of 6, 
which, multiplied by i the sum of its lateral edges (or 5J), gives a 
volume of 32. 

Now, 160 — 32 = 128, the solidity of the Prismoid AB, as is shown 
(more concisely) aa follows: 

By Simpson's Eule — 

Base, 8 X 4 = 32 

Top, 6 X 2 = 12 

Product of sums, equivalent to ) 14 v fi si 

4 times mid. sec, . . . . f 

128 

Multiplied by i h. = 1 

Solidity, = 128 

(The same as above.) 

Precisely the same result is also reached by means of the centre of 
gravity of the right section, flowing with that section along a line 

• Chauventt's Geoni. (1871), vii. 22. A Kedge, whether trapeioidal or rcctangulsr, 
being merely a truncated triangular prism, this rule of Chaiuvenet'a is prubably the 
moet ooneise, and beit/or ordiaari/ aie. 
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MEASUREMENT OF EARTHWOEKS. 



curved with an infinite radius, according to Hutton's Problem.* The 
right section of the prismoid AB (Mg. 1) is a plane trapezoid (18 in 
area), of which (trom the dimensions given in the iigiire) the centre 
of gravity is found in a perpendicular line, drawn from the middle 
of Aft, and at the distance of 2S feet vertically from it. Now, the 
length of a sti'aight line, drawn from face to face of the prismoid, 
parallel to the plane of the hase — also to its edges — and at a vertical 
distance of 2J feet, will be 7{ feet, by which the right section (18) 
being multiplied, we have for the solidity ^ 128, as before. 



2. Thomas SiMPsos'a 
and their Applications 
(1750), Simpson demon- 
strates the following rule 
for the solidity of a pris- 
moid, referring to Fig. 2. 

This rale for the pris- 
moid, as demonstrated 
by Simpson, renders the 
formation of the hypo- 
thetical mid-section un- 
necessary, though con- 
taining it, in effed, as 
marked upon the figure, 
for illustration. 



Rule i 
follows: — Fig. 2. 



Primnoidal Rule. — In his work on Flu: 



fi ni--''' 


a 

5 j """--, ^ 




y^ 



(AB X AD) + (EH X EF) + (AB +E H X AD -f EF) X 

i h = Solidity, (I.) 

/higbt X width ■\ , /hight X width \ , 
of other end, } "^ 

I X 4 h = Solidity, . . (I.) 

Here AB X AD = area of base. EH X EF = areaoftop. While 
the product of their sums = (AB -f EH) X (AD + EF) = four 
times the area of the mid-section. 
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chap. i.— prelim. pr0b8.— art. 2. 11 

Example 1. 
Let AB and EH be called the' widtfui, AT> and EF the kiffhts, 
and take tlie dimensions marked upoH Fig. 2. Then, by Simpson's 
rule, we ha^e for the solidity of this rectangular prismoid the fol- 
lowing : 

Wldlhs. K18. 

20 X 16 = 320 = area of base. 
18 X 12 = 216 = do. top. 
Sums of hts. and widths = 38 X 28 = 1064 = four times mid-sec. 

1600 = sum of areas. 
Multiplied by i h = V> ■ - ■ ■ = 4 = * ll. 

Solidity, = 6400 = volume. 

(a.) The above is a rectangular prismoid, or one in which all the 

parallel sections are rectangles. Kow, suppose this prismoid to be 
cut diagonally by a plane, FHBD, dividing it into two triangular 
prvmoida, each equal to the other, and to one-half of the rectangular 
prismoid. 

Then (AB X AD) = doubk the base; (EH X EF) = dotAk 
tU top; and (AB + EH) X (AD + EF) = dgkt times the mid- 
sedion. 

Hence, Simpson's rule, though applicable to any prismoid, by 
reducing the ends to eqvivaknt rfdangles, seerds especially suitable to 
triangular prismoids, since the double area of every triangle is equal 
to the product of its bight and width, taken rectangularly; whila 
the product of the suiub of those bights and widths, multiplied to- 
gether, gives eight times the area of the mid-section, without the ne- 
cessity of forming it by arithmetical averages. 

Accordingly, with triangular sections, a slight transformation of 
this rule will often be more convenient for use vnih given areas. 

Thus, 

Let double the area of the base = 2 b. 

top = 2 t. 

Eight times the area of the mid-sec = 8 m. 

And the final divisor (12), or if used as above, . — > xa ll- 

Then, to find, in the first instance, the mean area of the prismoid. 

We have the formula, 3-^ ^ = mean area . . (H.) 

And this mean area, being multiplied by the bight or length (b), 
of the whole prismoid between the end planes, gives the solidify. 



>y Go Ogle 



12 MEASUREMENT OF EAETHWORKS. 

Thus, in the case of tJte two triangular prismoids, into which the 
diagonal plane FB {Fig. 2) divides Simpson's rectangular prismoid, 
we have, by taking the dimensions marked upon the figure, — Hie fol- 
lowing : 

Example 2. 

Calculation of the triangular prismoid ABDFHE, or of its equal 
GD = 3200, Solidity. 

16 X 20 = 320 =2 b. 

12 X IS = 216 = 2 t. 



Sums, . . 28 X 38 = 1064 = 8 m. 
12 )1600 
Mean area, . . = 133J X h = 24 = 3200, Solidity. 
And 3200 X 2 = 6400 = tiie solidity of the whols rectangular 
prismoid, as above. 

3. Chaeles Hutton's Prismoidal Ruks. — In his famous quarto 
Mensuration (Newcastle-upon-Tyne, 1770), Hutton gives the follow- 
ing definition ; 

"A prismoid is a solid having for its tv/o ends any dissimilar par- 
allel plane figures of the same number of sides, and all the sides of 
■the solid, plane figures also." 

He adds; "It is evident that the sides of this solid are all trape- 
zoids ;" and r " If the ends of the prismoid be bounded by curves, as 
ellipses, etc., the number of its sides, or trapezoids, will be iiifitiite, 
and it is then called, sometimes, a cylindroid." 

Hutton gives two rules for the solidity of the body (so defined), 
one general, and the other he calls the partieuRir rule — he also indi- 
cates a third, by means of initial prismoids, which, by a little develop- 
ment, eon be made quite vsejul. 

Hutlwi's General Rule. 

" To the sum of the areas of the two ends add four times the area 
of a section parallel to, and equally distant from, both ends, mul- 
tiply the last sum by the hight, and i of the product will be the 
solidity, cm.) 

In this shape, and nearly in the same words, through Bonnycastle, 
and other writers on Mensuration, the Prismoidal Formula has come 
down to our time. 

Ill the work above cited, Hutton also (part iv. prop. 3) shows that 
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CHAP. I.— PRELIM. PROBS.— ART. 3. 



]3 



1 of the sum of the end areas, and four times the mid-aectioD, gives 
the mean area of any prismoidal solid, which, multiplied by its length, 
will equal the solidity. 

The particular rule, referred to above, is directly deduced from that 
^ven by him for the solidity of a wedge, 

Tiius, referring to Fig. 3 (copied by us from the original work 
of 1770). 

Hutton says, where L and I represent two corresponding dimen- 
sions of the end rectangles, B and b the others, and h the hight or 
length of the prismoid, 

Then, 

(2L + i X B + 2^ + L X i) X i h = SolidUy, 
—which ia the particular rule, (IV.) 

A note, on page 163, referring to this, 
Bays: 

"It is evident that the rectanguliii 
prismoid is composed of two wedges, 
whose bases are the two ends of the 
prismoid, and whose hights are each equal 
to that of the prismoid." 

might be added, that the edges of 



I formed by two 
!3 of the rectangvi- 



B|.3 1 


k 


• N 


J 




\ 


.N 





id ■ — - — = m, the sides of the mid-section, so 
! of the General and Particular Eules becomes 



these two 

diagonally opposite sii 
]ar ends. 
Hutton notes also, 

that the correspondem 
evident. 

(a.) At page 164 of the quarto Mensuration, cited above, 

reference is made to the General Rule as follows : 

" This rule will serve for any prismoid or cylindroid, of whatever 
figure the ends may be, inasmuch as they may be conceived to be com- 
posed of an infinite number of recfemgular prismoids. AVhich is the 
General Rule." 

This method of considering any prismoid to be composed of a great 
number of rectangular prismoids, of tbe same common length, has pre- 
vailed from Button's time down to the present day. 

Thus, we find in Davies Legendre,* chapter on the Mensuration 

• Davies icgcndte. (1SJ3), Svu : Kew York. 
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of Solids, in treating of prismoids, wliere he copies Hutton's figure, 
aad both Particular and General Rules, — the following: 

" This rule (the getierai one) may be applied to any prismoid what- 
ever. For whatever the form of the bases, there may be jiiscrihed iu 
each the same number of rectangles, and the number of these 
rectangles may be madts so great that their sum in each base will 
differ from that base by less than any assignable quantity. Now, if 
on these rectangles rectangular prismoids be constructed, their sum 
will differ from the given prismoid by less than any assignable quan- 
tity. Hence, the rule is general." 

In his remarkable chapter on the cuhature of curves (Mens., part 
iv. page 457), Hutton shows that the prismoidal formula is applica- 
ble to the frusta of all solids 
generated by the revolution 
of a conic section (as well 
as to the complete solids); 
also, to all pyramids and 
cones, and in short to all 
Bolids (right or oblique), 0/ 
which the parallel sections 
are similar figures. 

We will now illustrate 
Hutton's Rules, by means 
of a figure and examples, to 
find the solidity of a pris' 
moid, with very dissimilar 
Olds. (See Fig. 4.) 

1. By General Muk. 

40 X 30 = 1200 = b. 

80 X 4 = 320 = t ■*" "" 
60 X 17 X 4 = 4080 = 4 m. — 

e)»o^ jo JO 

Multiplied by ll = 60 ^^? ^^'J 

= 56000 

4800 800 
ih . . 10 10 

48000 8000 




2. By Particular Bale, 



Solidity — 56000 of whole pris- 
moid. 



>y Go Ogle 



CHAP. I.— PRELIM. PBOBS.— ART. 3. 15 

3. By means of Initial Prwmoids. (V.) (To be further explained.) 

(1) Areas of ends, b = 1200, and t = 320. 

(2){Wa:^S}''=8J}t. 

(3) Asauraod squares in larger end, 1200 of 1 X !■ 

t 320 

(4) Ratio of ends, — = = -liGQl. 

^ ^ ' b 1200 

(5) Proportional rectangles in small end (1200 in number), — = 2, 

40 

-^ = -13333, 2 X -13333 = -26667 = area of these, being equiva- 
lent to the ratio of the ends 1 to -2667. [See (4).] 



2 ""' 

mid-section of initial prismoid. 






/ Then fin' the ^olidiiy of ike initial prmmid, by Gm^ral^ 

/ a.;.. 

1 C«ll.the»e»ie«s ; 
b', m', and f , to \ ^^, , . , 
dutiDguish them b -1 XI . . =- 1 
fromthoKof tkeHm'- -85X4 . =. 3-4 

I main solid. ( f - -13333 X 2 - -26667 


(7)' 


; Mean area 

\ Multiplied by h . . 

1 Volume of one 

/ Mult, by No. initial prisraoids, assumed 


6) 4-66667 1 
- -77778 
60 
= 46'66680 1 
= 1200 



[ SoMifyof the whole prismoid, as above = 56000'16000 1 

mputing initial prismoids it is necessary to em- 
\ ploy sufficient decimals, but 4 or 5 places are usually j 
\ enough. 

(b.) These initial prisraoids are supposed to be constructed upon 

small rectangles in the two ends, equal in number in each, and of pro- 
portional areai. 

In the base, or larger end (though either end may be used), it will 
be most convenient to assume these to be squares formed upon the 
unit of measure, while at the top they must be rectangles proportional 
both in dimenmm and area, by the view we have herein taken (as 
indicated at (5) above). 
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MEASUREMENT OF EARTHWOflKS. 



The end areas of the 
putable, they must be proxi 
can properly apply the princi 



n prisraoid being always given, or com- 
,tely reduced to rectangles before we 
pie of initial priamoids to calculate, or 
verify, their solidity ; — and the solid will then become, in effect, a 
rectangular prismoid like those of Simpson and Button. 

In doing this, it will be sufficient to derraine a widtb and hight, 
apparently proportional to the shape of the cross section (which in 
8ome species of earthwork is extremely irregular), — but this bight 
and width must be such that, used as factors, they reproduce the 
g^ven area, even though of themselves they may not be exactly geo- 
metrical equivalents, for the dimensions of the section. 

Having thus (as it were) rectified the solid proximately, we may 
proceed with it ae a rectangular prismoid, by the method of initial 
prismoids, briefly as follows :— Determine the rectangular highU and 
widths, mtch as wiU proximate the figure, and by multiplication reproduce 
the areas. Assume one end as base, to be divided into squares of super- 
fimd units, and the others into proportional rectangles; upon these coitr 
etruct (or imagine) ini- 
tial prismmds, and having 
ascertained the volume 
of one, muUiply by mmwi- 
ber, for solidity of main 
prismoid, as shown in de- 
tail oiiyiie. . . . (V.) 

(C.) AVe will 

further illustrate this 
subject by presenting a 
outline of a T-shape 
prismoid ; a solid {Fig. 
B), with a figure so pecu- 
liar that none of the 
usual methods of averag- 
iagcould even proximate 

its solidity, which 

can only be dealt with by ihe Prismoidal Formula, or some cog- 
nate rules. 

This we will calculate as a prismoid by Simpson's General Rule, 
by Hutton'e Particular Rule, and by the Method of Initial PHsmoids. 
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By HiUlon's Particular Mule. 



116 
50 



Solidity = 1174663 



By Simpson's General Bu!e. 

Aa a ReeloiigulBr PiieniQii. 



6 X 100 . 
60 X 8. 


- 600 
= 400 


Sums, 56 X 108 = 
4 times mid-sec 


- 6048 


th 

Solidity,. . 


7048 

les 

= 117466S 



By file Method of Initial Pngmoids. — Let their number be 400, the 
same as the supei-iicies of A. Suppose them constructed upon 
squares at A. (on a side equal to the unit of measure), and upon pro- 
portional rectangles at BC. 

TheD, 600 -H 400 = 1-5, the ratio of A. to BC. and of Initial squares 
at one end to rectangles at the other. 

And in the 3 main sections of the prismoidal solid. Fig. 5, 
We have for similar sections of the initial prismoids = 



!s of 1 X 1 - . . . 
= propor, rectans, 12'5 X '12 
6-75 X -56 



= 1- X 400 = 400. 
= 1-5 X 400 = 600. 
= 378 X 400 = 1512. 



End A 

'• BC 
Mid-sectioD . = 

It will be seen that the main areas result as above calculated ;— and 
having these and the common length h, it is easy to compute the prJs- 
moid by Simpson's General Rule, as shown before; 

We may add here, as being indicative of the difGculty of comput- 
ing such a solid, by ordinary average rules (which answer tolerably 
well), in common cases. 

That the Arithmetical Mean of the end areas = 500, the Geomet- 
rical Mean = 490 ; while the Prismoidal Mid-section = 1512, and 
the Prismoidal Mean Area = 1174J; which, multiplied by the length, 
or hight, h = 100 : makes the solidUy, above = 1174663, or more 
than tvnce os muck as would result from multiplying the arithmetical 
mean by the length. 
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MEASUREMENT OF EARTHWORKS. 



4. The Priamoid adapted to EaHhwork. — Sir John Miiciieill, a dla- 
tinguished English engineer, as early as 1833, soon after the iiitro- 
(Juction of railroads, when, the necessity became apparent of having 
ready and correct methods at hand for computing the volume of the 
yast quantities of earth, removed or supplied, in grading them, pre- 
pared and published three series of Tables (iu 8vo), computed by 
means of the Prxsmoidal Formula. These Tables were systematically- 
arranged, and have been extensively used abroad. 

He considered the Earthwork Prismoid a^ being composed of a 
Prism, with a wedge superposed : since the lower portion of the cross 
section of a railroad, canal, or road is generally symmetrical and 
regular, the ground surface alone being relatively variable. 



Eje. 


P 




A- 


"'"^^^ \>^ 




* ■ A^ 


<■""' \ "^"'->/H^ 


^E 




^''^s^?^ y^^ 


/ 




^^^>^/ 




O 1 o 



In this diagram (Firj. 6) the reduced surface of the ground (taken 
as level, crosswise, or made so) is shown by the plane AFGE, and 
the cross section of the road by ABCG, these are supposed to be 
iramgparent, in order to show the road-bed and mid-section, as well as 
the far end of the trapezoidal prismoid. 

Sir John Macneil! commences hia work, by referring to a represen- 
tation of the Earthwork Prismoid (copied above), as follows : 

"Let AECGFKDE represent a prismoid or solid figure, similar 
to that which is formed in excavations or embankments, in which 
BCDK represents the roadway, and ABCG, FKDE, parallel cross 
sectious at each end. The cubic content of this solid is equal to 
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Tlie area AECG + area FKDE -f 4 times area alcg, 
Mutiplied by — ~ : 

" If, tlien, we suppose a plane, HIEF, to be drawn through the 
lines HI, and EF, it wilt be parallel to the base BCKD, and will 
divide the solid, ABCGFKDE, into two others, one of which will be 
the regular prism, HBCIFKDE, and the other will be a wedge, the 
base of which will be the trapezium, AHIG, the length IE or CD, 
the length of the prismoid, and the edge FE, the breadtJi of the cut- 
ting at the lower end of the section." 

The prismoid, then, being assumed as composed of a regular prism, 
w h a ! e uperpoaed, he demonstrates in the usual manner the 
f m la f he volume of these two solids, and shows that by addi- 
t th y nit in the Prismoidal Formula, which he uses in the com- 
putat f 1 three scries of Tables which form the bulk of hia neal 
ta lume (London, 1833). 

It will be observed that all Macneill'a prisinoids refer to ground 
sloping longitudinally, but level tranaversely : — to apply them, there- 
fore, to an irregular surface, it must he first reduced to a level cross- 
wise, or assumed to be »o, practically. 

The above extract from Sir Jolm Macneill's work of 1833 is made, 
not only for its intrinsic value, but on account of its being the first 
regular and successful attempt to adapt tlie Prismmdal Formula to 
the computation of modern earthworks: which is followed out through 
a series of practical Tables, comprising 239 pages, and extending to 
50 feet of hight or depth : — an embankment being considered as an 
excavation inverted. 

This meritorious work of Sir John Macneiil was speedily followed 
by other writers in England, and later by several in this country.* 
All, or most of these productions being based upon the Prmnoidal 
Formula (or some modification of it), which is now universally 
acknowledged to be the only consistent and exact method for com- 
puting the vol mo of sol ds employed in modem earthworks, and 
even those auti ors wl o emiiioy pyramidal rules are but using a par- 
ticular case of tl e former 

* Bidder, Bftke B h h H nd reon, Sibley, Rathepford, Ilughea, Huntingtoo, 
Law, Dempsef, Ha k I n RnnfaiDe, GmhBiB, Macgresor, and others, in Englimd. 

While in this oountrj, Long. Johnaon, Borden, Trautwinc, Gillespie, Htnok, Daviee, P. 
Lyon, Ctoaa, M. E. Lyons. Byrne, Warner, Rice, and others (besides the present writer), 
have dealt with this aubjeot. Amongst tbese, howpTer, the most comprchcnaiye, and the 
best in toany particulars, ia the irork of John Warner, A. M., a nell printed and hand- 
Bomely illuatratcd 8vo, Philadelphia, 1S61, flontainlng 2S valuable and uaefal Tablcg, and 
14 plalea of great importanco to every student of engineering. 
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5. The Priamoid in its Simplest Form. — The unexpected manner in 
which the Frismoidal Formuia applies to tlie cubature of other solids, 
totally dissimilar in form and appearance (as to the ^here, taking, 
the poles as end sections at zero, and the mid-section as a great circle), 
justifies its consideration under various aspects, which would be 
Buperfluous in any other body, and hence we give below a figure 
illustrating the Prisnioid, in what may be deemed ite dmplest form 
(when not contained within a diedral angle). See Fig. 7, where the 
solid is level transversely, but sloping longitudinally, and may be 
supposed to represent (proximately) one of Hutton's Initial Prismmds, 
square at one end, and with a proportional rectangle at the other. 




Here the prismoid is composed of a prism on a square base, with a 
side of 1, and length of 6, — and of a wedge, superposed, with a square 
back, on a side of 1, its edge also 1, and bight 6, — the common length 
of the two combined as a prismoid. 

j" AA Represent the prism. 
} BB The wedge. 

The mid-section of the prismoid. 
Then we have for the volume of this solid, by several of the rules 
already given. 

(I.) (1 X 2) + (IX !) + [(! + I) X (2 + 1)] X- 

(II.) (2 X 2) + (2 X 1) + (1-6 X 1 X 8) + 12 X 6 . 

) (III.) 2 + 1 + {1-6 X 1 X 4) X -|- 

) (IV.) (2X1 + 1 X 2) + (2x1 + 1 X 1) X -|- . 
Divided CTnsm =1X1X6 =1 

^:™^{w.d,e = (r^exl+l±i). .-; 

All, of course, resulting in the same solidity foi this simple pris- 
noid = 9 cubic feet. 
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6, Furtlier Illmtration of MacneiWs Pr'umwid. — In computing the 
quantities of earthwork for railroads, etc., it is often useful (und gen- 
erally desirable) to consider the side slopes, continued to their 
intersection, above or below the road-bed (us has been done by T. 
Baker, C. E. * and other writers), thus forming a constant triangle 
at the intersection, which is deductive from the general triangular 
figure formed by the slopes, and ground, in order to obtain the regu- 
lar crosssectionof excavation or embankment, from ground to grade; 
and this triangle also forms the right section of the grade prism, ter- 
minating the earthwork solid at edge of diedral angle, formed by tha 
side elope planes containing it. 

To explain this more clearly, we give a figure in which both end 
areas are drawn upon the same plane {Fig. 8). 



ailroad cut — (in fact, MacneiU's pris- 
mil-bed of 20, !ind slopes of 1 to 1. 



Double cross section of a : 
moid on level ground) — with i 




Beferences. 
A = Altitude of grade triangle. 
B ^= Level top, sloping forward in 100 feet to b. 
h = Level top of forward cross section. 
G = Grade, or road-bed, 20 feet wide, 
c = Grade triangle, or constant end, of grade prism. 
H — /i = Breadth of back of trapezoidal wedge, 
r = Slope ratio, or in this case 1. 

* Railwaj Engineering and Earthwork, by T. Baker, C. E. London, 1 
IB develops a. very compendious and eieelknt system of computing tin 
ailwttys, which has been eitenKivelr copied. 
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UC = Centre line of road. 

I = Intersection of side slopes, or edge of diedral angle formed 
by til em. 

To find ike equivalent level hight — no matter how irregu- \ 
j lar the ground may be. 
\Let 

a =■ Whole area, to the intersection of slopes. 

r = Slope ratio. 

h == Equivalent level hight. 

Then, \/— = h. 

I.et B and 6 represent the level tops of two cross sections of a rail- 
road cut, 100 feet apart sections, and lying within the same diedral 
angle of 90°, formed by side slopes of 1 to 1, continued to their inter- 
section, or edge at I, 

Kow, supposing B and h, to have been origina;Ily a very irregular 
surface, reduced, by any exa(A method, to the level tops represented. 

Then, beioxi) b we have a regular prism, on a triangular base, 
extending down to I ; and above b, a regular wedge (back and edge 
parallel), upon a trapezoidal back, of which the base b is equal to the 
edge b, representing the top of the forward cross section, 100 feet 
distant. 

Tlien, in the wedge above b, by the properties of that solid, coimd- 
ered as* a truncated triangular prism, and applicable either to redan- 
gular or trapezoidal wedges. 

We have, 
(B + t + t)x(H -;i) (44 + 32 + 32) X (22 - 16) '""■'■ 
6 = 6 '"*• 

Ami in the prism below b, down to I (including the grade 
triangle) — 

We have, 

(^V) = 256. 1 

Deduct the grade triangle = ]00. ( ■ • =" '^^■ 

Leaves area of prism (ohove grade) from G to 6 = loG. 

Finally, then, we have the mean area of the trapezoidal 
earthwork solid, above grade, or road-bed = 264. 

Then, 264 X 100 = 26400. The solidity of this Prismoid. 

= Cliiiuvenef! fleom., vil. !2 (13!1), easily reducible to the teit. 
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If more convenient, we might exclude entirely the grade triangle, 
and stop the calculation at G (the road-bed), but as a system of com- 
putation, and in view of the simplicity of the geometrical relations of 
triangles, it will usually be found best to include the grade triangle 
as above, and ultimately to deduct it, iii some form. 

The employment of the method of this article enables us to find a 
mean area to the prismoid— without using a mid-section — and this 
mean area, when multiplied by the length, gives the volume of the 
whole solid. 

Thus we may assume any level trapezoidal prismoid of unequal 
parallel ends (as Macneill does), to be composed of two solids — a 
prmn, wiih a wedge superposed. 

1. A Triangular Prism, with a cross section, equivalent to the 

lesser end, supposing the slopes to intersect, and embracing 
the grade triangle. 

2. A Trapemidat Wedge, superposed upon the prism, having an 

area of back equivalent to the difference of tlie ends; its 
edge being tlie level top of the smaller, and equal to the 
base of the back. 

The length being common to both partial solids, and to the whole 

prismoid. 

Then, for the menu area of the wedge, we have, 

(B -f 6 + 5) X (H ~ k)* 

6 

and for that of the prism to intereection of slopes = (/i' r — grade 

triangle), and by addition.f 

(B + 6 + 6) X (H — ft) , ,,, , , . , , ^ 

i ^ ^^ 1- (h' r — grade triangle) X 

the common length = Tlie Solidity of the Prismoid .... (Vl.) 

Or, in words, — The siim of the mean area* of the prism, and super- 

posed wedge, multiplied by the common length, eqiials the solidity of this 

prismoid. 

» Chauvenet's Geom., vii. 22 (1911). 

+ B and 5 ara alwaja tho widlhs betwe 

And H — i (however irregular the ground i: 
dirlding the difference of end areas b; half thi 
See note at foot of Ihis Article 6. 



>y Go Ogle 



24 MEASUREMENT OF EARTHWORKS. 

N'ote. — When the ground surface, or upper side of the superposed 
wedge, is very irregular (us in Fiffs. 43 and 44) — ascertain the hori- 
zontal widths of each end at top slope. Then the difference between 
the areas of the two ends ia the surface of the back of the superposed 
wedge, and this, divided by the average of the two horizontal widths 
above, gives the vertical hight of the hack, or altitude of the trian- 
gular section, of which the length of the prisraoid is the base, giving 
at once the means of computing its area, and this, multiplied by one- 
third of the sum of the lateral edges, gives the solidUy of the superposed 
wedge. (Chauvenet, Geom.,vii. 22.) 

7. Trapezoidal Pnamoid of Earthwork, considered as Iwo Wedges.-~ 
On ground, either level crosswise, or reduced to an equivalent level 
by any correct process, an Eai'thwork Prismoid, within the limits of 
its slopes, road-bed, and ground surface, may readily be computed as 
two wedges (Hutton's Particular Rule), without an assumed mid-sec- 
tion, or even the end areas. 

And in this there is some advantage, as the width of road-bed at 
the end sections may be unequal to any extent, provided the widening 



Thus, let Fig. 9 represent a regular station of a railroad cut, 100 
feet in length, with slopes of 1 to 1, and in the near end section a 
depth of 40 feet, and road-bed of 20, while in the far one it has a 
depth of 30, and road-bed of 40 feet wide. 

Hutton's Particular Eu!e, modified for application to earthwork, 
may be expressed in words at length as follows : 



Add road-bed + top width -|- road- 
bed of 2d section; multiply the sum 
of these three by level hight of sec- 
tion, and reserve the producL 

Add road-bed -|- top width -f top 
width of Ist section; multiply the sum 
of these three by level hight of sec- 
tion, and reserve the product. 

Mnally, add the two products reserved, and i of their sum is 
the mean area of the Prismoid, which, multiplied by length = 
Solidih/ (VII.) 
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Referring to Fig, 9, tlie line CC is the centre line trace3 upon tlie 
ground, and below it the road-bed gradually widened from 20 to 40 
feet, in the length of 100 ; the figures marked show the dimensions 
assumed for illustration, and tjie dotted iiues the edges of a plane 
i to be passed, so as to convert this solid iiito two wedges. 



Ihe nearest htLving a trapezoidal 6oci, standing on a road-bed of 
20, with a hight of 40, and its edt/e being the road-bed of 40 feet 
wide, belonging to the far cross section. 

The farthest wedge, above the dotted lines, having for its hael: the 






far section, standing on a road-bed of 40, with bight of 30, nnd its 
edge being the top-width of the near cross section, 100 feet wide, at 
ground line. 

[In Cliapter 5 we shall consider further, and moi-e in detail, the 
subject of Wedges ; anil their application to the compntatiou of earth- 
work solids, and illustrate it by several examples. Comparing also 
the results obtained with those derived from the use of Hupton's 
General BuJf : — which is the accepted standard for accuracy in such 
work.] 
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measuijement of earthworks. 

Example. 

By UuUoh'h PaHicvlar Rule. (IV.) 
Mean breadths = 60 = 70 



of JH'ution'g 
■ CVII.) 



Ill 1st cross section * 



In 2<1 cross section ^ 



20 
100 
40 





6400 
7200 




6)13eOO 


Mean Area 


= 226ti-67 

100 


SolidUj/ . . 


= 226667-00 



120 



140 



13600 
100 
6 ) 1360000 
226667 



8. Areas of Sailroad Croga-sections (within Diedral Angles) — 
whether Triangular, Quadi'anffnlar, or Irregular. 

AH railroad sections are contained within diedral angles, formed by 
side slope planes, of a given divei^ncy— determined by the slope 
i-atio (r). — The edge of this diedral angle is a right line, parallel to 
the grade, and prolonged forward indefinitely from I, the intersection 
of the side slopes (in a right section), until the end of the cut or fill 
is attained. Here, at the grade point, it changes its position to a 
corresponding parallel above, or below, as the case may be. Consid- 
ering, with Sir John Macneill, an embankment to be, in effect, an 
excavation inverted, the situation of the edge of the diedral angle, or 
intersection of the slopes, will generally (in our examples) be found 
below the road-bed, but always parallel to the grade line, and at the 
same distance from it, as long as the side slopes continue uniform. 

(a.) From the geometrical relations of triangles and rect- 
angles, it is obvious that in a triangle situated as in Fig. 10 — con- 



>y Go Ogle 



CHAP. I.— PRELIM. PROBS.— ART. 8. 27 

tained within rectangular axes and tlieir parallels, and divided into 
two by the central axis k, the area of the whole is equivalent to -^r- 
• — the parallels a and b, to the centre line A, limiting the triangle 



The same rule, precisely, applies to quadrangles, which may always 
be cut by a diagonal into two triangles. 

This rule {in fact), equally applicable both to triangles and triipe- 
ziums, is that laid down by Hutton (1770) for trapeziums. 

In Fig. 10, — h, X w = double area, of the i^hole triangle, whose ver- 
tex is at I, the intersection of the slopes, and its sides, the side-slopes, 
and the ground line. Thus, let A = 20, mi = 45, then 20 X 45 = 
900 -i- 2 = 450, area of whole triangle ; but it is often more conve- 





/ 

,' 
r — 3r_^_. 

c 





oient, in calculations, to use double areas alone, until the close of the 
operation, as in many problems of land surveying. 

In o trvmgle, the direct axes A or A' may take any position, pro- 
vided the parallels through the lateral vertices are made to follow, 
and the tranverse axes, w and wi', remain rectangular. 

But in o qimdrangle, the position of the direct axis is fixed by that 
of the opposite vertices, through which it passes, and with it the axis 
of width, and its limiting parallels, are also fixed. 

In Fig. 1(1, suppose the direct axis and its parallels to revolve upon 

I, into the position h', and that h' becomes 22-1 — then it will be found 

22-1 X 40-73 ^„ 
-=450, 

area of whole triangle, as before. 
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Ill both these cases. Figs. 10 and 11, each figure is divided by the 
centre line, or direct axis, into two triangles, having a common base, 
and contained between parallels to it, drawn through the opposite 
vertices. 

In both Fig?. 10 and 11, 7t X w = double atea of the figure to 
which they relate, — ^aa these are rectangular factors, fi)r determining 
the content of the wholly or partially circumscribing rectangles 
(between the same parallels), of which the triangle or trapezium 
represented, is each equivalent to one-half. 

This rule is, in fact, the simplest possible, being, substantially, the 
definition of a plane feurface, length X breadth (which indicates 
superficial extension), and from its extreme simplicity, there seems to 



i 

FigU 




c 

1 


C 


y I 



be no adequate reason why it should not be more generallyemployed, 
for although its application to triangular surfiices necessarily gives 
double areas, — a division by two is the briefest imaginable. 

Right and left of centre each triangle is obviously equal to Aa^f the 
rectangle of the bight and width on that side (the triangle and rect- 
angle having a common base, and lying between the same parallels, 
a and b), and by addition, Ihe double area of the whole 'trapezium = 
highi X widlh. 

(b.) In view of the rule just recited, for finding the areas 

of triangles ajid trapeziums, by liights and widths, it becomes of some 
importance to have a concise rule* for determining the dklances out 
of the vertices from the axis, when the hight and slopes alone are 



long before 



ronds (1847), g; 



I our9, but tbej bad 
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given ; in this there is little difficulty, as engineers have long been 
possessed of formulas for the purpose, similar to those which will be 
seen below, referring to Figs. 12 and 13, — and these distances out, when 
added together, form the width w, of the rule above. 

In Fig. 12. 

4QX 60-8 _ 2432 _,„,^ 



Both in trapeziums and triangles the diagonal X the sura of per- 
pendiculars from the opposite angles = double area. 
Or, centre hight X the total width = double area. 



1^12 



























Suppose, in both these figures, the side-slopes, ground-slopes, and 
centre higbt, or axis, given, and the side-slopes intersected at I, then 
to find the distances out, right and left of centre, take each side sepa- 
rately. Consider the centre line, or axis, to be a meridian (tw m a 
map), imagine also an east or west line, drawn through the origin of 
each elope (side or ground). 

Then, 

If the slopes incline towards the same compass quarter : 

^ — 2 _- . ^ distance out = d. 

By difierence of nat. tans, or slopes 

If the slopes incline towards adjacent compass quarters: 

. s— — . — . = distance out = d. 

By sum of nat. tans, of slopes 

These results on both sides of centre, added together, give the total 
width of the whole trapezium. 
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In Fig. 13. 
30 X 88-2 2646 „_„ 

2 — " -jT " ^^2^- 

These rules also furnish a concise and easy method of finding ike 
half hreadthe, a matter deemed quite important by foreign eDgineers. 

(c.) The side slopes (bounding the diedral angle) remain- 
ing plane surfaces as usual in the cross-sections of earthwork, we 
sometimes find the ground surface very irregular, but even these 
cases, upou the principle of equival&nei/, may be correctly dealt ivith, 
so as to reduce them easily to the plane figures of the elemeuts of 
geometry. 




Thus, although, as far i 



; have shown, the rule of -^r-, appUei 



only to a line once broken, so as to change the figure considered, from 
an oblique triangle into a trapezium ; nevertheless, it is not difiicult 
to reduce or equalize a surface line, very much hrolcen, by a single one 
properly drawn, which shall contain within it an area exactly equal to 
that bounded by the irregular outline, and thus bring it within the 
rule. 

In Fig. 14, let ABCDEFGH he the cross-section of a rail- 
road cut, base 20, slopes 1 to 1, intersecting at I, the centre line being 
marked CC — (this area looks irregular enougli, but had it been ten 
times more so, the process below would have equalited U exactly.) 

Then, from the top of the shortest side higlit at H (adopted for 
convenience), draw a line HK parallel to the road-bed, or base AB, 
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making a level trapezoid 10 feet high upon tlie section, or ABKH = 
300 m area. 

Now, we will find, by a common calculation, the area of the wliole 
cross-section — between base AB, side slopes, and broken ground line 
— lo eonlain = 654 area. Neglecting in this case the grade triangle at 
I, iis being a common quantity, not affecting the result : — (but adding 
the grade triangle (100), the area, from the ground tine down to the 
edge of the diedral angle at I = 754). 

Then, 654 — 300 = 354, the area of the partial cross-section above 
UK, extending ia the irregular outline, which is to be correctly equal- 
ized, by a single sloping line drawn from H. 



Fi^.l4. 


c 




xk^' 


\ 
\ +13 


s 


f^^s^ '/ 




-^1^^ 


~4 


. 


--■^x 




I ^^ 






y^ ' 
















\ s 


/ 


B 37-1'' 


Radi Cmmm. Or-. 

SO-8 


N 


i 


iBnliB:^lr»yEai:Iit.Gr. 



Now, 



354 



= 177 = LM, the altitude of a triangle HKM, c 



'JHK 

the base HK, which is exadly equivalent in area to the partial cross- 
section above HK. 

So that HM is a single equalizing line, drawn fi-om H, equivalent 
to the broken line of ground, and including the same area exacUy. 
Another way of finding the point M — the terminus of the equaliz- 

rr>ouble area ^1505 
ing line — is the following: ] — — = 53-3 j- 



this if 



1 very c 



" ( IHXsin.ofI 
method, as IH is easily found.* 
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If the degree of equivalent surfiiee slope be desired (as li usually ii). 

Then, J^ = cot. 17= (neMrly) - 3-26. 

Tire slope of tlie equalizing line HM being 17° ascending from H, 
we easily find FN =6'135, and adding FI = 20, we have IN or A = 



dedncting the grade tmngle (ABI = 100), we luive, finally, the area 
of the whole cross-section above the road-bed = 654, thus verifying 




tlie original calculation as before gi«n, and, by using the radii of 
inscribed and circumscribed circles, we can prove it, if necessary: 
(Fig. 14). 



(d.) It is sometimes desirable, by means of an « 

line, to deal with the boundary alone, without the rest of the cross- 
section, and this is not difficult, for we may consider the broken line 
HKM {Fig. 14), or aeg {Fig. 15), as a base of ordinates, preserving, 
however, their parallelism, and taking all the distances horizontally 
as though the base were straight (see Fig. 15) ; but the process of Fiff, 
14 is generally preferable. 
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It is often useful to equalize a section by a level top line, or alope 
0/0°. This can be done as shown iu Art. 6. 

Whole area = a. 

Slope ratio = r. 

Level hight = k. 

Then h = Y— . 

The ordinates marked upon Fig. 15 are deduced from those of 
Fiff. 14, and the calculations of the irregular area, a eg, are made by 
successive trapezoids, and double areas, as follows : 

a + b b + c c + d d + e e +/ / +ff\ 
+ 5 5 + 2 2 + 6 6 + 16 16+16 16 + o/ 



: = 10 10 10 10 4 10 I 

'I = 50 + 70 + 80+220+128 + 160j 



Sum of double areas = 708 



= 17'7 = hk,as before. 



Base of equaliEing triangle, a 1 
And a A is the equalizing line, ascending from a, with a slope of 
17°, which is equivalent to HM, of Fig. 14. 



(e.) We may now briefly refer to the computation of cross- 




sections. These are usually taken in the field with the rod, level, and 
tape; they designate by levels, and distances out, the prominent 

3 Witb tqiuil ahiciiiB, SimpEOo's well-kDavn rule, or that of Dikviea Legendre, would 
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points, or features of the ground, and fix the intersection of the side 
slopes, or place of the slope stake, which bounds the Jiraits of excava- 
tion or embankment ; and on regular ground, the cliiiometer may be 
used, Imt M less correct and satisfaetory. 

On pkiQ ground, but (ftree levels are taken, — the centre and side 
hights, — aud this has been called three-level ground. It is the prac- 
tice of many engioeers (and it is a good one) to take angle levels and 
distances over the edges of the road-bed, this then becomes Jive-level 
ground; and where more than five levels are necessarily taken, the 
cross-section is usually deemed irregtUar, though the point where 
sections become irregular is not well defined, and may be safely left 
to the judgment of the engineer. 

In this case CFiff. 16), the centre and side higbts, and the right and 
left distances out to the slope stakes, are always given, and tlie calcu- 
lation becomes simple and rapid. 

The following is the method long ago used by engineers, and pub- 
lished by Trautwine * and others, twenty years since. 

EuLE for area of cross-section, with uniform road-bed and centre 
and side hights given. 

Half the centre cutting X by right and left distance, plus right 
and left cuttings X .oiie-fourth of road-bed, 
■ Thus, in Fig. 16, 

have, by this rule, / -*-nd by using the grade triangle and 
5 v^ g4 _ 32o_ I hights and widths, as ia Figs. 10 aud 11, 

44 X 5 = 220. \ ^e Awe, 

Area. . = sia { A = SO.") hw 20 X 64 „,„ 

\t ■r- ■ ■ = ^^'*- 

= 64. J Less grade triangle . = 100. 
Area = 540. 

(f.) To find the area of cross-sections, where awgle levels 

have been taken,f or five-level ground (which angle levels Iiave long 
been used by engineers, and are recommended by Prof Davies in his 
new surveying), we will give an example for illustration, from which 
the rule of this method will be evident. (See Cross, Eng. Field 
Book, N. Y., 1865.) 
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Now, to calculate the area of this 



is-section. Fig. 17, by double 



areas, 




We have. Equivalent to, 


By divid- 20 X 15 = 300. 


Triangle, 15 X 10 . = 350. \ 


ing tbe figure ' 20 X 12 = 240. 


Trapezoid, 27 X 10 - = 270. 1 


into six trian- 34 X 16 = 544 


28 X 10 . = 280. ( 


gles, or three i 2)1084. 


Triangle, 16 X 2-t . = 384. } 


tnipeziums. \ Area. = 542. 


2)1084. \ 




Area. . . . . = 542. / 


To eoniput* this area in the usual method by successive trapezoids 


and deductive triangles, m imich longer and less satinjadmy. 



C 

Fig. 17. 

1« \t M '•■ 


:v^ 


m 




n 





(g.) For very irregular cross-sections, no definite rule can 

be given,— they are usually reduced to elementary forms, which, being 
separately computed, and finally totalized, give the whole area in 
the end. 

Tliis reduction is usually made to trapezoids and triangles (additive 
vr dediietive), while the calculations are the simplest possible, though, 
from the multitude of figures, necessarily tedious. 

In the most irregular sections, involving heavy rocfe-work on side- 
hill, — the several cuttings (or level hlghte), transversely, are fre- 
quently taken at ten feet only, or some such uniform distance apart, 
and in these cases the mean highta of a number of contiguous trape- 
zoids may be ascertained, and multiplied by the uniform distance 
(agreeably to the rules of mensuration for irregular areas), and thus 
abbreviate, somewhat the labor of such computations; which, how- 
ever, in their origin, and indispensable verifications, are often laborious 
enough, though, fortunately, so simple and elementary as to be within 
the comprehension of aU the members of an engineer party, which 
enables us to bring many hands to the work. 
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Mot unfrequently, too, in rock-woik (proximutiiig a cost of a dollar 
per cubic yard), it has been deemed necessary to take independent 
cross-sections, at only few feet apart forward, over the roughest por- 
tions of the work. 

la that event, although the calculations become voluminous, we 
have the satisfaction of knowing that the solidity is eorrectly obtained ; 
since, in such short spaces, no ordinary rules would produce any 
important variation in the final result; supposing, of course, the 
cross-sections to be correctly laid out, and measured with accuracy, 
both horizontally and vertically — a matter of no small difficulty on 
steep, rocky bill-sidea, when cleared Jor work. 

9, Further lUudraiion of the Modification of Siinpeon'a iJWe — (II.)j 
•with a Diagram Representing ii, and alao one of the Regular Formula, 
and another Modification. 

Here let us take the triangular prisraoid, cross-sectioned, iii Fig. 8 
(and shown below), and suppose its length 100 feet (7i)— the end 




cross-sections being dimensioned as before. With road-bed of 20, and 
slopes of 1 to 1. The whole, shown in projection, to give a better 
idea of the nature of ike solid. 
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CC = Centre line and edge dieiiral angle. 

ACCB = Grade prism, 

AB = Eoad-bed, 20. 

AE = Side-slope plane, 1 to 1. 

EF = Ground plane, assumed as level. 

eabB = "Wedge ofFiff. 8. 

Then, for the volume of this solid, we have, by the modification of 
Simpson's Rule (II.), 

iiisiiu. widihi. 

/Near end (double area), 22 x 44 . . . = S68 = 26. 
I Far end, " 16X32 . . . = 512 =- 2(. 

I 8 times mid-section, . . 38 X 76 1 

, ■ J /" =^ zoos = o m. 

= sum hts. X sum wids. J 

12 )1368 
Mean area. . . ^ SGi 
Length A. . , = 100 



36400 



/Whole triangular solid to intersection! 
of slopes. 
Deduct grade prism under road-bed. . . = 10000 

)lumea6ower6ad-bed,or2'rapfl-1 _^ 26400= Tk 
i Prismoid of Earthwork. . . / 

solidity, as before computed. Art. 6. 

(a.) The transformation or modification of Simpson's Itule 

(II.) wai/, In its mid-?ection term, be conveniently represented bv a 
diagram (perhai)B mure curious than useful). — Thus, continuing the 
side-slopes through the intersection, so as to form the end croaa-sec- 
tions, one above the other. 

So, in Fig. 19, dimensioned as in Fig. 8, we have, 

The triangle lEF = The larger end section, or area. 
ICD = The smaller one, 
" rectangle KLMN = 8 times the area of the mid-section, 
or the circumscribing rectangle 
formed by sum of higkU X sum 
of widths. 
The road-beds . . . = The dotted lines, and may be 
i (parallel) anywhere. 
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e parallelogram IFEP = Hight X width of larger 

end, or double area of . A. 
" IDCO = Hight X width of smaller, 

or double area of. . . B. 

' rectangle KLMH" = HG X OF, or sum liights X 
sum widths, = 8 times the 



evident that HI X FE = Double area of larger end 
: IFE? and IG X CD = same of smaller = 




While (CD + FE) X (GI + IH) = the circumBcrihing rect- 
uigle KLMN = HG X OP, or the rectangle of sum of hights and 
iura of wi(iths. 

Also, 
/HI+IG 



HG X OP, or 38 X 16 



The triangles Q and R takon together = ihe ArUhmetical Mean of A 

and B,tlie end areas = (16 X 8) + (22 X 11) - 128 + 242 - 3J0, or 

484+266 740 ... „ , .,, .. ,„ 
J- = — -- = 370, lite Anfhmetwal Mean. 
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The triangles T and T are each equal to tlie Geometrical Mean of 
the end Bectioua A and B = V'484 X 256 = 352. 



AVhile U and V added together proximately equal the Be 
Mean between A and B, or = 334. 

So that the circumscribing rectangle, KLMN, representing 
mid-section term, of Simpson's Transformed Rule (II.)j contains, o 
I of, tiie Jollnwing areas. 



{Double area of A -j .q, \ 
" '. B I 256 
1 256/ Inaiscase: 
(The two end sections.) f =_ Double areas 
/ Arithmetical Mean 370 \ of botli ends + 

)G.omelric.lMeiu.X2. . . .jS( 4 B™ "■» »=«- 

/ * "''^ \ metrical Mean 

/ Harmonic Mean 334 \ = 2888. 

Total 8 times the mid-sec, I 

or 361 X 8- . . = 2888 / 

Some curious inferences may be drawn from this diagram, but their 
practical results can be more concisely obtained in other forms. 



Fig.l9-J ^ ' 


3 3^^-^ 




\ «* ^-^ 



Diagram, of the regular Prismoidal Formula of Simpson and Sutton. 

As applied to a triangular prismoid, formed by a diagonal cutting 
plane, from the rectangular prismoid, Fiff. 2, and shown again in Figs, 
22, 24, and 52, with side-slopes of li to 1. 



>y Go Ogle 



40 MEASUItEMENT OF EARTHWORES. 

Ld, 1 {Fig. 19J) Be the larger end section {Fig. 22), transformed 
into an equivalent right triangle. 
3 The saiaUer end {Fig. 24), also transformed : — 4 and 5, 
additive triangles, making up the trapezium ABCD {Fig. 
I9i), equivalent in area to four times the prismoidal mid- 
section {Fig. 23). 
From this diagram we readily deduce a simple modification of the 
pri^moidal formula, equivalent in remit, for triangular prismoida. 
n(Bi.ts. widihs. 

Dimensions of ~ s^ ~ 

Figs. 22 and 24. j „ „ A^^ 

j A' = 20 X 60 = w- 

[ Length = 100, usually. 

Then, ■ — -— X length = Solidity. . VIIX 

Thb operates very simply in figures, by direct and cross muttipliea- 
tion of hights and widths. 

Substituting the numbers, Solidiiy = 95000, as hereafter computed. 
Art. 10 (a). 

10. Adaptation of the Priammdal Formula to the Quadrature and 
Oubature of Curves, and also Solids, where the Ordinate^ are equivalent 
to Sections — by the Method of Simpson, as explained by Hutfon. 

The eminent mathematician, Thomas Simpson, 'to whom we are 
indebted for the Pnmnoidal Formula, also devised a method for the 
quadrature of irregular curves by means of equidistant ordinates, or 
for their eubaiure, by using equivalent sections of irregular solids, at 
equal didanees, instead of ordinates ; such solids being bounded oppo- 
site the base by a general curved outline. 

This method, although a century old, is still the simplest and best 
yet known for proximating the area of irregular curves, or the volume 
of unusual solids, — it has attained great celebrity, and been of much 
service to philosophers and calculators, ever since its origin in 1750. 

It has long been used by military engineers for ascertaining the 
volume of warlike earthworks, and is regularly quoted in the leading 
text boots of that important profession.* 

Also by naval architects in determining the nice problem of the 
displacement of ships ; by mechanical philosophers, like Morin and 
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PoDCelet, etc. — by these it has been deemed of much importance, not 
only for the quadrature uf irregular areas, but also for the "Cubature 
of solida of irregular excavations, embankments, etc." * 

It forms a. leadiag feature in Hutton's remarkable chapter on the 
cubature of curves (who seema to have fully adopted it), under the 
name of the method of equidistant ordinatea.—(Sea 4to Mens., 1770, 
sec. 2, part iv. page 468.) — We are much indebted to Hutton for the 
practical tievelopiuent of this important problem, and he gives several 
examples of its utility. Amongst othei'S, computiug the area of a 
quadrant of a circle, with radius = 1, — which, by Simpson's metiiod, 
using 11 ordinates, gives ■7817 area, instead of -7854 — "pretty near 
Oie truth " (says Hutton). 

We will describe this method from the— (4to Mens;, 1770, p. 458). 

" If any right line, AN, be divided into any even number of 

equal parts, AC, CE, EG, etc., and at the points of division be 

erected perpendicular ordinates, AB, CD, EF, etc., terminated 

by any curve, BDF, etc." 

Then, the sum of the first anil last ordinates, plus 4 times sum of 
even ordinates, plm 2 times sum of odd ones, ^ by 3, and X by AC, 
one of the equal parts ; the resulting product will equal the ai'ea, 
ABON, "very nearly." 

That is to say, if 
( The sum of the Ueo extreme ordinates . . = A. 1 ,_ 

" of.llth=™»„„mb.r.d « . .-B. <'^r'"'°; 
1 « ofalUl,e.J,l numbered « ' ' " <=■ k,' ftlci 

I The common, distance apart of ordinates . . ^ D, J '' 

Then the rule is, 



e convenient (as it may he), we transform this into its 



n applying this formula, it is desirable to draw a figure, and n 
ber all the ordinates (as below), commencing with 1. 

« Morin's Mechaaics (Betmetfa Trana., ISCO).— See tilao aregory, Math. Prnc. 
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" The same theorem will also ohta,in, for the contents of all solids, 
by using the sections perpendicular to the axe, instead of the ordi- 
iiates." 

In this form it becomes applicable to excavations and embankments, 
or any similar solids relating to a guiding line, centre, or base line, 
to which the cross-sections representing ordinates are perpendicular. 

See Fig. 20, copied beloiv from 
Hutton, page 458. 

Huttou's Example 3, p. 462. 

"Given the length of five 
equidistant ordinates of an area, 
or sections of a solid, 10, 1!, 14, 
16, 16, and the length of the 
whole base, 20." 

Then, 
26 + 103 + 28 



" The a 



- X 5 = 270. 
ij- solidity required.' 




This formula of Simpson (adopted by Hutton) is evidently derived 
from the Priamoidal Formula, or it may be, originated it, both having 
the same author, and their precedence unknown, 

(a.) We will now give an example of Hutton's Mdhod of 

Equidielant Ordinates (adopted from Simpson), — giving two stations 
of a railroad cut (each 100 feet long, with a road-bed of 18, and side- 
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slopes IJ to 1), shown both in profile and cross-sections, (See Fiffs. 
21 to 26, inclusive.) 

The above figure is a profile, or vertical section (of two stations), 
npon the centre line of a railroad cut, with a road-bed of 18, and side- 
slopes of li to 1. The horizontal scale Cfor convenience) being made 
i of the vertical. 

Firdly : Computing each station separately, by Simpson's Rule (II.) 
Stations 1 to 3 = 100 = h. Stations 3 to 5 = 100 = h. 



30 X 90 = 2700 = 

20 X 60 = 1200'= 

50 X 150 = 7500 =■ 

H- by 12)11400 



26. 



Mean Area . . = 

X by A . = 

Solidity in c. ft. = 

-4- 27 . . = 

Deduct Grade 

Prism for 100 

feet ... = 



950 

100 
95000 
3519 



200 
3319 



20 X 60 = 1200 

10 X 30 = 300 

30 X 90 = 2700 

-¥■ by 12 )4200 

Jlean Area . . = 350 
X by^ . 

Solidity in e. ft. 



. 2 6. 



100 



-=- 27 . . . 
Deduct Grade 
Prism for 100 



35000 
1296 



SoUdiiyine.ydn. 

Then, 3319 + 1096 
1 to 5 inclusive. 

Secondly: Now computing the s; 
Rule (X.)- 

C1350 
150 



Solidity in c. yds. = 1096 



4415 eubic yard?, whole solidity of cut from 
a body, by Hutton's 



1500 

937-5 
R = ^ 337-5 
( 1275 > 



= 600 X 2 
1500 + 5100 + 1200 



X 100 = 



}Ve Iw/oe, 

Now, -=- by 27 = 

Deduct Grade Prism, 200 X 2 stations. = 

Solidity in cubic yards = 

(The same as above.) 



130,000 

4,815 

400 

4,415 
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(CROSa SECTIONS.) 
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(b.) The preceding example clearly shows, that Hutton's 

method of equidistant orditiatea is merely the Prismoidal Formula 
extended to several stations, instead of confining it to one. 

There is another mode of considering this question where the cross- 
sections are tnanguhr, and the ground level transversely. 

Thus, in any station, let h and h' be the end hights from the inter- 
section of the side-slopes to the ground, then, li? r and W r = the cor- 
responding areas (r being the slope ratio, which, in the preceding 
example = IJ), then omitting r, a common factor, we have in It' and 
hf^ vertical lines, or ordinates, representative of the end areas, and in 
/h + hV 



n^' 



' the mid-section. 
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The square roots, then, of the areas (however computed, and what- 
ever be the ratio (r) of the side slopes), correctly represent them; 
since these roots fonn the side of an equivalent square (or half base 
of an equivalent triangle, with 1 to 1 side-slopes) — squaring which, 
obviously re-produces the areas they are the roots of. 

Hence, the end areas being given in any station, or number of 
stations, their square roots may represent them in Hutton's rule of 
cubature, and any pair of roots added together, and their swm squared, 
gives 4 times the mid-section between them ; which is precisely what we 
need in the Pri^maidal Formula. 

This is evident, from Fig. 
27, where we suppose A and h' 
placed in a continuous line, then, 
(h 4- A'\' 



(~^ — ■) = i the square of (h 





FlJ,2j., 


b r 


V 












bth' 1 



-f h'), or equivalent to the pro- 
position of geometry — that the square of a whole line equah 4 times the 
square of half. 



I Let h = 30, and h' = 
\ (h -f h\^_ .„_.» _ 



20, then h+h' = 50, ^ "^ ^ = 25 
the mid-sec. = 625, and X 4 = 2500 \ 
= 2500 J 



( (h + Uf = (50)= 

\ While A' = 900 = one end area, and h'' = 400, the other. 



A" + h" -f- 2 (A X A') 
= 900 -f 400 + 1200 = 2500 
= (A -f AO' . . ■ - = 2500, 

From all which, we readily draw the following: 

Ritle. — Compute the end areas at each regular station (numbered 
upon a diagram on Hutfon's plan, by the odd numbers, 1, 
3, 5, 7, etc., marking also the even numbers intermediately, 
which are, in fact, half stations, or the places of mid-sec- 
tions), — find the square roots of these end areas — add any 
two adjacent roots, and their sum squared equals 4 times the 
area of the mid-section, between the regular stations. 
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Let Fig. 28 be the profile of one station oj Halting, from intersection 
of slope to ground. 
h and h' = The end liights, or representative square roots of 

the areas, at regular stations, numhered odd. 
m ^ The place of the mid-section, numbered even, and repre- 
sented by its ordinate. 
Length = usually, 100, between principal stations. 




h-' + K' + jh + hj 



X 100 = Solidity. 



I, is equivalent to Sutton's Rule. 



(Or, 

TffitcS, for one stafio 

(C.) So that having the end areas giveu, we deduce at once 

the mid-section, by a table of roots and squares,* and can proceed 
station by station, pri^moidaUy, to find the solidity. — Or combining 
them as in Ration's Rule for cubature, we may calculate in a body the 
vikole of a cui or bank. 

Thus, taking the preceding example, and tabulating it (see Figs. 
21 to 2 



HL«;,n3. 


i™.. 


^ 


._. 


e™k«. 


Odd. 


e™. 


E,,™,^. 


OM n™. 


^^{S^' 


1 
5 


2 
i 


1S5I) 
ISO 


.» 


36-7i23 
24-49)9 


fll-24 
36-7i 


3750 
1350 






lallO 


""2 






4B. 


5C. 



This tabulation may be made in any more convenient form, or the 
data may be written upon the working profile of the line wit!) advantage. 



a Ell., London, 1860), whioh is 
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'Ihsii, 

A + 4B + 2C ll„a„A,e,, r.™sll,,.fS.a. Cul,.Ft. 

1500 + 5100 + 1200 _ 1300 X 100 = ISOOOO = by SuUon's 

6 Rule X. 

'Now, dividing by 27, = 4815 

Deduct grade prism for two stations . , = 400 

Leaves eolidity in cubic yards {i;s before) => 4415, From 1 to 5 
= 200 feet. 



The division by 6 in tbe first term results in a mean area, which X 
by length, gives the solidity — and enables us to use a table of cubic 
yards to mean areas, as soon as we have found the latter, in order to 
obtain the cubic yards more readily by inspedion. 

(d,) In further illustration of this important method of 

computation in earthworks, — we will submit anotlier example, repre- 
senting an entire railroad cut, with 20 feet road-bed, and side-slopes 
of 1 to 1, laid off in regular stations of 100 feet, aud truncated at 
both ends in light cutting (at selected stations), so as to secure full 
cross-sections throughout; and also an even number of equal distances 
(apart sections), each 100 feet, or regular and unifona stations, what- 
ever their length. 

These truncations are made before proceeding to the calculation, 
so that all the cross-sections shall be complete (or have some side 
elope — however small — at both edges of the road-bed), which simplifies 
the main calculation, wliile in the end the truncated volumes may be 
computed independently, and added in witli the rest. 

Again, if the ground should have required the insertion of interme- 
diates in any one or more of the regular stations, it will be best to 
draw a pencil line around all such wbole stations upon the diagram, 
and compute them separately from the main body — the places of such 
stations being considered vacant for tlie time (omitting distance, mid- 
section, and end areas, so far as they apply to the assumed vacancy), 
and thus the cut will be computable under our rule, in one or more 
masses (as though a single mass originally), according to the number 
of vacant spaces. A little practice will familiarize this matter better 
than further explanation, as the oljed to be attained is evident. 
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Generally, we may compute the cut, or bank, iu oue principal 
nass, and then calculate separately, and add. 

1. The solidity in the special stations containing intermediates. 

2. The quantities of work of the same kind, at the passages from 

excavation to embankment, at both ends of tlie cut (as will 
be further explained). 



In all such cases {indeed, in all a 



../J 



y viork), it is necessary 



to draw diagrams, as below, and these (in cross-sections) will usually 
have a scale of 20 feet to the inch, which long practice has shown to 
beentirly u tabl but a j p eferred scale may be employed, or the 
cross-se t n paj n mn n ise amongst engineers— which carries 
its own al — A h 1 n 11 be found convenient io many respects, 
either b u d up f the pu "p se, or in loose sheets, to be ultimately 
tacked t tl n 1 d n m le fonvard, or thereabouts. 



ProjUe of 8 stations of railroad cut; base 20, side-slopes 1 to 1. 

/ab = Intellection of side-slopes, or edge of diedral angle, formed 

\ by their planes meeting, 

/ c (£ = Grade, or formation line of the road-bed = + 00. 

/ e/ = Surface line of ground, as cut by centre plane. 

^gp = Grade prism— dedimtive for solidity 
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Regular stations designated by odd numbers (1, 3, 5, etc.). 
Mid-section places by etera numbers (2, 4, 6, etc.) 
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The ordinates show the level kighis from grade to ground, to which 
udd always the Gommon hight of grade triangle. 
Transverse slopes are shown on c 



[" Hfffular SaHom 



to 4 titiiei Che nidstcHon, between ', 

8 taken to intersection o 



Mean areas computed separately 
for each regular station, by Simp- 
son's Rule. 

232-5 "j 
(1 to 3) S49'2 

1151-9 I 

Mean Area = 288-9 J 

349-2 ~| 
{•i to 5) 412-7 

1521-0 I 
6)2282-9 
Mean Area = 380'5 J" 

412-7 

(5 to 7) 720-5 

2223-1 

6 )3356-3 

Mean Area = 559-4 

720-5 

C7 to 9) 844-8 

3124-8 

6 )4690-1 

Mean Area = 781-7 j 



General Mean Area computed 
by Hutton's Euie, 





6 


Tabulated for the numerator by 


successive additions — eqidvahnt to 


mvltiplication. 




1 . . 


232-5 \ 


2 . 




1151-9 \ 


3 . 


{ 


349-2 


349-2 / 


4 . 




1521-0 f 


5 . 


{ 


SI? >-' 


6 . 




2223-1 I 


7 . 


f 
1 


720-5 \ 


720-5 


8 . 




3124-8 / 


9 . 




844-8/ 



6 ) 12062-9 
1 to 9 = 2010-5 Gen. Mean 



559-4 
781-7 
Same as above = 2010-5 
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llean areas computed separately 
for each regular station, by Simp- 
Bon'a Eule. 

844-8 "I 
(9 to 11) 1085'0 

3844-0 L 
6 )5773-8 
Mean Area = 962-3 J 



(11 to 13) 



Mean Area = 

901-5 

(13 to 15) 516-0 

2781-5 

6)4199;0 

Mean Area = 699-8 

516-0 

(15 to 17) 259-5 

1506-2 

( 3)2281-7 

Mean Area = 380-3 



General Mean Area computed 
by Hutton's Rnle. 

A + 4B + 2C 

6 

Tabulated for the numerator by 

ecesaive additions — equivalent to 

midlvplication. 

;B,»'t.v^lto9 = 12062-9 
/ 9 ■ . . 844-8 

I ^ 

1 11 



Separate Mean Areas. 

/Brought over = 2010-5 

962-3 

,^ \ 991-8 

1' ( 699-8 



\ Total . . = 5044-7 
(Same as above.') 



5044-7 X 100 _ 
27 



18684-1 



Deduct Grade Prism 
for 8 stations = 
370-4 X 8 ... = 2963-2 

Solidify. = 15721- 

in cubic yards from 
ltol7. 

So that the final solidity of this cut (as shown) from grade to 
ground, vertieally, and from 1 to 17 (8 stations), horisontaUy = 15721 
cubic yards (excluding for the present the grade passages). — A com- 
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parisoii of the calculated work, by Separate Mean Areas, and by 
General Mean Area, — while resulting alike, evinces the superiority of 
the latter, in point of 6rm^. 

In the tabulation for General Mean Area, it will be obseiTed that 
the extreme end areas are written but once (equivalent to addition) 
— the odd numbered areas twice (equivalent to X by 2), while the 
even numbered areas are written, in effect, 4 times,— as sqitares of 
mTns of adjacent representative bights, because in that shape Ihey each 
equal 4 timei the area of tlie priamoidal mid-section, 

(e.) We must now consider the passages from excavation 

to embankment at both extremities of the cut, near the regular sta- 
tions, 1 and 17, where it was assumed to be truncated, in order to sim- 
plify its computation. 

Figs. 39 to 42 show these passages so clearly, in the assumed case, 
as to need little explanation. 

On plain ground the line of passage a e will often be so nearly 
normal to the centre that, having set the grade peg in the centre line 
at e (the entrance of the cut), we may place those for the edges of the 
road-bed (as a and c), at right angles in many cases, where the ground 
differs in level only a few tenths of a foot ; the error being merely a 
change of some yards from excavation to embankment, which is quite 
immaterial, since their values differ little per cubic yard. 

But where the ground is much inclined, in either direction, the 
grade pegs aec must be set on an oblique line, broken at e, if neces- 
sary. 

Precise rules can scarcely be furnished for such cases, but the 
quantities being usually small, and the distances short, any of tlie 
ordinary methods may be safely employed. 

In the case before us, we have made the computation from 17 to a, 
and from 1 to a, by the Arithmetical Mean, and for the parts from 
o to c as pyramids. 

In this manner we have found the volume of excavation, at the 

passage at Fig, 39, to be = 321 cubic yards. 

And at fiir. 41 = 622 " 

Total, in the whole length of the passages 

(230 feet) =943 cubic yards. 
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So that, finally, we have for the solidity of the entire railroad cut, 
under consideration, the following result: 



/From 1 to 17 (aa before computed) = 15721 cubic yards, 

I In the passages from excavation to 
embankment, at both ends (230 
feet long in al!) = 943 " 

TFftofe soMity of the cut from grade 
to grade, on both sides , . . = 16664 cubic yards. 



We will now illustrate (Ae passages from excavation to embank- 
ment, at both ends of the cut (shown in profile at Fig. 29.) 




In Figs. 39 to 42 all letters refer to similar parts. 
L and 17 = Places of croBs-8ections,attheselected regular stations, 
where the cut wjos truncated, to obtain full work, 
aa = Cross-section, where one edge of road-bed runs to grade. 

c = Grade point at the other edge, or opposite side. 
ac = Line of junction of cut and bank, at grade level. 
bb = Slopes of cut. 
dd ^ Slopes of bank. 
e = Grade point at centre. 

Total length of cut between the extreme grade points forming the 
vertices of the small pyramids at c and c = 1030 feet. 
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Other modes may be used for treating the question of passages 
between excavation and embankment, but the above is as simple as 
any, and may be easily modified for particular cases. 



a 


-f— ^ 


1 


■' """^ -f,^-'-'''''^ 


^^^^T 


1 


: :r=^ DO 


B^. 41. 











11. With Railroad Ch-oss-eectiona in Diedral Angles — to find Vte mid' 
section of the Prigmoidal Formula, by a brief calaulation from tite End 
Areas, witkout a Special IHagram. 

In all railroad cross-sections, instrumental data of adequate extent 
are first obtained in the field by well-known processes, and these data 
enable us in the office, subsequently, to draw them as diagrams, by a 
suitable scale, and to compute their superficies. 

The length of each separate solid of earthwork, and its position 
upon the centre or guiding line, is also known. 

With these given data, (Ae Prismoidal Formula requires the deduc- 
tion of ft hypothetical mid-section, in some form, for use under the 
general role, or its modifications. 

As mentioned previously, this mid-section is usually derived from 
the Arithmetical Average of like parts in the end sections, and even 
in extremely irregular ground, to find this leading section of an Earth- 
work Prismoid, is not very difficult — -when the diagrams of the end 
cross-sections are correctly drawn — fas in heavy work they always 
should be), or even from the field notes of the engineer, since the posi- 
tion of every leading point of ground, transversely, is always fixed 
and recorded by level hights, and distances out from centre, and their 
average posilion is always reproduced, proportionally, in the mid- 
section. 

Nevertheless, some judgment is required in deducing the mid-sec- 
tions from the end ones, by Arithmetical Means, since the points to 



>y Go Ogle 



56 MEASUREIIENT OF EARTHWORKS. 

average upon are often in doubt, — the process, too, including finding 
its area, is like most others connected with earthwork computations, 
very often tedious, so that some shrewd mathematicians, while con- 
ceding the accuracy of this method, when properly carried out, have, 
nevertheless, deemed it unsatisfactory in some respects.* 

It is well, therefore, to have the means of operating with given end 
areas, to find the mid-section, without the necessity of arithmetically 
deducing, or even of sketching it. 

We, therefore, now submit some rules and examples by which the 
area of the mid-section may be computed from the ends, without 
deriving it in the usual way, or drawing for it a special diagram. 

These rules are intended only for Earthwork Prisnioids, within die- 
dral angles ; and though their range is clearly more extensive, the 
variety of prismoidal solids is so great that it w probably best to limit 
our rules and examples to the object before vs. 

The broken ground line of very irregular cross-sections should 
always be reduced to a uniform slope, by a single equalizing line (or 
at most by two), containing exactly the same superficies, by the method 
oi Art 8, — and the bights and widths ascertained for each section 
(by the equalizing line), and verified by multiplication to re-produce 
the area equalized, — see 8 (a),— these bights and widths enable us at 
once to compute the volume of the prismoid by Simpson's Eule (their 
product giving end areas) — (Art. 2 (a) ) — and the sums of these 
bights and widths, when multiplied together, producing always 8 
times the mid-section (without directly deducing it). 

Having given then the end areas, or the bights and widths which 
produce them, we readily find the Prismoidal Midsection by the 
following ; 

1 „ , Arithmetical Mean -t- Geometrical Mean 
(1.) — _______ . ~ Mtd-sec. 



.s)' 



md hights X sum end widths 



= Mid-see. 



(3.) i 
\ (4.) By the method of Initial Prismoids — Art. 3 (a). 

1 s Warner's E»rtbW0fk (lSfil]._-Davies' New Surveying (1870). 

t These hights Mid widths (nsed in 3) are those connected with the equnliiing line 
oC tlie ejHioaZfnl triangular sectinn— the product ot wliich, at each cross- section, re-pro- 
duoes txaftlj the double area of tho whole Burfaoo, from the side-slopes (o tha broken 
ground line ; and the product (if their «i.n,» always equals evjit limei lie mid-ifction. 
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Other rules might be given, hut these /oitr appear to be the simplest 
and best for use in earthwork, under the view we have herein taken. 
Having, then found the mid-section, and having the end areas and 
length previously given, we can easily compute the volume of any 
earihwork solid, by tJis Frismoidal Formula, or its numerous modifi- 
cations. 

/I. A Prism =1 Base. 

By Geometry, we have \ / j^ Wedge, with back •\ 

and edge equal and V = J Base, 
parallel , . . , } 
I 3. A Pyramid = i Base. 

Fig. 43 shows the end cross-sections of one station of a railroad cut, 
upon irregular ground, botli -upon one' diagram, road-bed 20, side- 



for the midsections of . 



slopes 1 to 1. Length of sUition, 100 feet. 
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+ 37-5 

+ 3V6 

+ 257 

from equalizing liue. 
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A'ofe: 



Both in Figi. 43 and 44 the same letters refer to iike ports. 
Ce = Centre line of railronii, or guiding line of earthnork. 

e/ = " " " " " of smaller end , . = 15° 67' " 

,»rf= " " " " " of mid-aeotion . . = U" 50' '' 

Fig. 44, like the preceding, shows both end sections of a railroad cut, 
upon one duigram. Road-bed = 20, side-slopes 1 J to 1. Length = 100. 



Fig ',.!.. 
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.1; 5 


] 


-mt: 


^slopes "--^ 




gra?^ 



-!- 22-02 66- 

+ 26'07 78-7 

+ 29-81 90-7 
from equalizing line. 

In this figure (44) the line e/ has a minus slope, which is always 
the case when the area assumed up to the equalizing point is greater 
than thai lo be equalized. 

In both of the above figures, I is the intersection of the side-slopes, 
or edge of the diedral angle, containing the earthwork prismoids. 

The constant area of the grade triangle, with side-slopes of 1 to 1 
(Fig. 43) = 100. AVhile, with side-slopes of IJ to 1 (Fig. 44) =s 
66S. The road-bed, or graded width, in both cases being 20 feet 
The altitude of this triangle for 1 to 1 = 10, and for IJ to 1 = 61. 
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The miea (numbered) above, for the figures shown, give the follow- 
ing results : 

I Fig. i3 glvts Mid.>irlion, {\) ^ 10T4-5; (2) = 1074-S ; (3) = 1074-* ; (4) = Ifl74-S 
\ F!g. U give> Mld-act/om {\) = 1015- ; (2) ^ 1014-74; (X) = 1015-31; (4) =1015- 

The small variations arise from the decimals not being sufficiently 
extended. 



12. To find the Prismoidal Mean Area from the AriUimetical or 
Geometrieal Means, or the Midsection, by Corrective Fractions of tlie 
Square of the Difference of End HighU. 

In all cases we suppose the end areas of the Piismoid to be given, 
and that the Prismoid itself is contained within a diedrnl angle, the 
plane angle measuring it being supplemental to double the angle of 
side-slope, as in the Figs. 43 and 44. 

The simplest, and probably by far the most generally employed 
method of finding a mean area between two others, — is by the Arith 
metical Mean — which is Mb^M half Hie sum of any tuio magnitudes. 

Adopting the Arithmetical Mean as being the simplest known 
base, and forming aU sections of earthwork by prolonging the planes 
of the side-slopes to their intersection (or supposing ihem to be\ so 
as to bring the computed prismoids witEiin diedral angles of given 
divergency. 

We have, from the relations between the sums or difierences 
of the squares, or rectangles of lines producing areas, some rules, 
which may often be useful in the calculation of earthwork, for cor 
recting mean areas to be used in finding the solidity. 

This correction being always equivalent io some fraction of the sguare 
of the difference of the end hights. 

While tliese end hights are always Io be deemed and taken as the squan 
roots of the end areas, and are, in fact (as before mentioned), a side of 
an equivalent square, or half base of an equivalent triangle, having 
side-slopes of 1 to 1 (or a diedral angle of 90°), — for (we repeat), no 
matter what may be the ratio of actual side-slope, nor how irregular 
the ground surface, the square root of the area is invariably the true 
representative bight which rectifies the section, and whicJi, when 
squared, r^rod-uces the area. 

See Art. 10 (a) (b) etc., where much use is made of these square 
roots, or representative hights. 
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Having, then, the end areas given, and their square roots or highl; 
ascertained, 

D =1 Difference of hights, 

D* =' The square of the difference of hights. 



/ (1) Arithmetical Mean 



Sura end i 



Then the Prismoidal Mean Aret 



((4) . 



V(6) . 



. = Arithmetical Me»n — i D'. 

. = Mid-sectioQ . . . + T I D', 

. = Geometrical Mean + i D'. 

Priemoidal Mid-eecHon. 

. = Arithmetical Mean — i D'. 

Geometrical Mean. 

. = Arithmetical Mean — h D'. 



For Fig. i3 these rules give, 
/(I) = 1110- =>Arith. Mean. 
U2) =1086-4 J 
I (3) = 1086-3 \ = Pris. Mean. 
} (4) = 1086-4 ) 

[ (5) = 1074-6 = Pris. Mid-sec. 
\ (6) = 1039-2 = Geom. Mean. 



For Fig. 44 these rules give, 
\ (1) = 1039- = Aritl). Mean. 
1 (2) = 1022-9 ) 
) (3) = 1023- I = Pris. Mean. 
) (4) = 1023-2 ) 

' (5) = 1014-8 = Pris. Mid-sec. 
^{6)= 991- = Geom. Mean. 



In these numerical illustrations (as in others) slight variations 
arise from insuiEcient decimals. 

Baker* gives yet another rule for the Prismoidal Mean Areas, as 

folloTTS : 

Sum end areas + Rectangle hights „ . ., , ,, 
~— '— —2 S — = Pnsmoidal Mean. 

And we may repeat, as another modification of the Prismoidal 
Formula, arising from this discussion, the following (same as XI., 
before given) ; 

XH Solidity 

__ (Sum of squares of hights) -f (Square of sum of hights) 



• Bnker'a Raiiwaj Engineering nnd Earthwork (London, 1848). Other writers havt 
giren tbe same, and it is dedacible from Hutton'a Mens., Frob. 7, oi moat of t\ae For- 
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(Sum of sqs.) + (Rect. highta) 



which is Baker's rule above, or Bid- 



der's, as quoted by Dempsey (Practical Railway Engineering (4tli 
edition) 1855). 

We may illustrate this matter further by two simple figures. 




Here Frg. 45 represents a 1 to 1 side-slope — diedral angle 90° ; and 
Fig. 46 a side-slope of U to 1— diedral angle 112" 38'. 

In both these diagrams the same letters refer to lite parts. 



ffig.m. C 


» . 


■^ \ 




. "\ „ 




, ^ ..1^ 




C 





ICO = Centre line. 

\l = Intersection of planes of side-slope. 

^a6 = Ground line of one end section. 

jcd = " " of the other. 

I ma = " " of the mid-section. 

\Hights and areas both extend to the intersection at L 
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In Fi'j. 45, The end areas are 1600 and 400— the liiglits 40 and 
20 — and by the rules herein, Arithmetical Mean ^ 
1000, Geometrical Mean = 800, Mid-section = 900, 
Prismoidal Mean Area = 933J, by all the rules. 

In Fig. 46, The end areas are 2400 and 600— the hights = 4899 
and 2499, being the square roots of the respective 
end areas — and by the rules herein, Arithmetical 
Mean = 1500, Geometrical Mean = 1200, Mid-sec- 
tion = 1350, Prismoidal Mean Area 1400, 6y all the 
rules. 

The areas and hights, in both examples, are contained between the 
ground lines, and the intersection of the planes of side-slope, or edge 
of diedral angle, including the Prismoid of Earthwork. 

13. Applicability of the Prismoidal Formula to find the Solidity of 
Various Solids other tJian Priamoids, 

The Primioidal Formula appears to be X'h& fundamental rule for the 
mensuration of ail right-lined solids, and the special rules given, in 
works on mensuration, for ascertaining the volume of solids in general 
use, seem like mere cases of the former ; though their relation has never 
been demonstrated in plain terms by mathematicians — so as to con- 
nect them directly — -further than priams, pyramids, and wedges, which 
has already been done by the present writer in Jonr. Frank. Inst., 
1840. 

Nevertheless, Hutton (1770) has indicated numerous applications, 
and various writers have since shown the applicability of the Pris^ 
moidal Formula to ordinary solids, and also its coincidence with many 
special rules of the books, when proper algebraic substitutions are 
made; and it has been further shown to hold for certain warped 
solids, to which its application icas not ejpected.* 

As an evidence of its remarkable flexibility, we may show, briefly, 
its application to (Ae three round bodies, illustrated by a diagram. 

(1) The volume of a cone equals the product of its base X I its hight.f 
The prismoidal mid-section of a cone = } the area of the base. Tho 
section at the top, or vertex = 0. Then, the sum of these areas used 
prismoidolly = 2 base, which, Y. k h = base X J hight, whicli is 
the geometrical rule. 

• Gillespie, Frank. Inst. Jour. (1867 and 1359).— WBrner'a Eurlhwork (1S61). 
t ChnQvenet, is. 3, 7, 14, Gaom. (1871).— Borden 'a Uaeful Formulas (186)).— Heiiek') 
Field Book (1B54), Art, 112. 
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(2) The volume of a sphere equals 4 great drcles X i 0^, radins* 
Now, the prismoidal sections at the poles are both = 0. "While four 
times the mid-section = 4 great circles. Theu, the prismoidal sum 
of areas = 4 great circles, which X 4 bight, or diameter, or J radius, 
is the geometrical rule. 

(3) The volume of a cylinder equals the produet of ife base iy iis 
hight* Now, by the Prismoidal Formula, base + top + 4 times 
mid-section = 6 base (for all the sections are alike), and 6 base X i 
A = base X bight, which is the geometrical rule. 

So that there can be no doubt of the applicability of the Prismoidal 
Formula to the three round bodies; and in a similar manner it Js easy 
to show its coincidence with many special rules for solids, but a direct 
mathematical demonstration connecting all these together, and exhib- 
iting their geometrical relations, has never come under the writer's 
notice ; though indirectly, and perhaps quite as satisfactorily, this con-, 
nection has been clearly established far all the leading solids in prac- 

Numerical calculation of the three round bodies, supposing each to 
have a diameter of 1, and an altitude of 1. 



MM.Xl-- 31116 



fljlolUBlSlI'd'fS— -^ 



m%d\l!f= S618I 
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Oi«-/^/\\ 


-y-A, 


3M 




L 


»■ 



= The Base. 
= " Top. 
= " Mid-section, 



The common rules of mensuration are drawn from geometry — but 
geometry also teaches that a cone, a sphere, and a cylinder, dimen- 
sioned and situated as shown by their right sections, in Fig. 47, have 

* Cbmvenet, is. 3, 7, 14, Oeom. ( 1 871 ).— Borden's Useful Fonnulaa (1851).— Henok's 
Fidd Book (tSil), art. 112. 
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tlieir volumes in tiie ratio of the iiumbere 1, 2, and 3. — Now, the 
above calculations show the same result numerically, which, with the 
preceding observations, furnish an adequate demonstration. 

In like manner we might show that the Prismoidal Fomnula applies 
to all the separate geometrical solids, which, when aggregated, form 
the irregular prismoid known as an Earthwork Solid, 

Now, cousidej'ing this species of solid as a prismoid, within the 
limits of Hutton's defiuition (1770), we find that all such admit of 
decomposition into Prisms, Prismoids,* Pyramids, or Wedges {complete 
or truncated), or some combination of them, having a common length, 
or hight, equal to the distance between the end areas or cross-sections, 
and either s^iarately w together computahle by the Prismoidal Formula 
OS a general rule/or all. 

By a similar analogy (to the three round bodies), we find somewhat 
like relations to obtain between what we may call the three square or 
angular bodies; which geometry shows to exist alike amongst them 
all, the round bodies being referred to the cylinder; the square or 
angvilar ones to the cube.~Bwi the wedge requires this special defini- 
tion, that the edgS be double the buck. 

1. A Pyramid, with a square base, on a side of 1, and 

having also an altitude of 1, has a volume , . . . = J, 

2. A Wedge, doubled on the edge, with a square back, on a 

side of 1, the edge parallel = 2 (or double the hack). 



1 an altitude of 1, ha^ 



3. A Citbe, or Hexaedron, with its six square faces, each 

formed upon a side of 1, has a volume = 1, 

So that, finally, we have, both in the tJtree round, and in ihe three 
square bodies (as defined) where unity is the controlling dimension, 
like ratios of volume. 

Thus, these six bodies. 

Solids of 



{Cone and I Sphere and j Cylinder " 

Pyramid. Wedge and Cubi 

[(doubled on the edge).] 



Circular 
and 



And of each and all of these sMk^, Ihe Prismoidal Formula gives the 
Solidity. 
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14. Transformafdon of Areas into Equivalent ones, Simpler in Form, 
and of Solids into Equivalenia, more readily Computable bij Ike I'ris' 
moidal Formula, or iis Modifications. 

Hufton hath defined a Prismoid as follows: 

"A Prismoid is a solid having for its two ends any dissimilar 
plane figures of the same number of sides, and all the sides of 
the solid plane figures also." (Quarto Mens., 1770.) 

This is the oldest and best definition of the Prismoid which we are 
able to find on record.* 

Under this definition, for which the General Rule (eoim^idiiig wifU 
Simpson's) was framed by Hutton, it is clear that we ought not to 
expect of the Prismoidal Formula the cuhature of curvilineiir solids, 
though, by a happy eoincidence, it applies to many such, which are 
not prismoids at all, nor in the least resemble them, geometrically. 

But though often true of this remarkable formula, where a correct 
mid-section can be first obtained, it by no means follows that its 
numerous modifications (all framed for right-lined solids) will, like 
their principal, also hold, as it does in many singular case-i exactly, and 
in nwst otliers approximately. 

It was early discovered that it would materially simplify the eom- 
piitation of irregular prismoids, to transform them into equivalent 
right-lined bodies, of which the nature was better known, and tlie 
forms more regular and simple. 

As the calculations for level ground were obviously the most easy. 
Sir John Macneiii, in his Tables of 1833, adopted for the end sceliims 
the principle of ti-ansformation into level hights, to contain equivalent 
level areas^and was, in fact, the originator of what has since been 
known cw the Method of Frptivalent Level HighU — by means of which, 
the end sections of Irregular prismoids of earthwork are transforuieil 
into level trapezoids, which are then employed to compute an equiva- 
lent solid of the same length, and transversely level, at top or bottom, 
aceordiQg as it may be excavation or embankment— each, howevei', 
representing the other, when inverted. 

Sir John Macneiii has been followed, more or Jess closely, by most 
of the authors of Earthwork tables, the bulk of which are iipplicable 
to level gi-ound alone, or ground reduced to such ; — though Warner's 
System of Earthwork Computation (1861) deals with ground how- 
ever sloping, or even warped, vnthin certain limits. 

1 See a.lao Ilcnek'a Fieli Book (1S54).— Davics LBgondre (1853).— Haawoll's Mens. 
(1863).^Bonnyoastle'a Mans. (1807),— Hawnov's Mens. [U98>- Ail define the Pria. 
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The method of using Equivalent Level Higlits (when the cross- 
section of tlie ground is uot level) has been concisely explained, by a 
recent writer, to coneiBt in finding,* 

1. " Tlie area of a cross-section at each end of the mass." 

2. " The hight of a section, level at tlie top, equivalent in area to 

each of tkese end sections," 

3. " Fi-om the average of these two hights, the middle area of 

the mass." 
" And, lastly, in applying the Prismoidal Formula to find the 
contents." 

It is obviously necessary then to undei-stand what is meant by 
equivalency — and this we fiud from Geometry .f 

1, "Equivalent (jilane) fi^ree are those wbich have the same 

surface — measured by the area," 

2. "Equivalent eolids are those wliich have the same bulk or 

magnitude." 
" Theorem. ; If two soHds have equal bases and hights, and if 
their sections made by any plane parallel to (/(« 
common plane of their bases are equal, they are 
equivalent." 

Now, tlie transformation of triangular prismoids of earthwork, by 
means of Equivalent Le?el Hights, meets every point of Professor 
Peirce's defiuitious of equivakna/, and hence the solid they produce 
may be regarded as equivalent to the original defined by Hutton : — in 
the above theorem, equality of sections evidently means equality in 
area, and not geometrical equality, which is somewhat different. 

Some writera have doubted the accuracy of the transformation or 
equivalency produced by Equivalent Level Hights,| but it is because 
the*olids, which they found in error, were either not prismoids at all, 
or else the data used were inadequate to the solution of the problem. 

An error in this direction is not surprising; for when we know that 
the Prismoidai Formula applies correctly to a solid, we are apt to 
infer that its modifications also do, — and here the error lies. 

For instance, we know this formula does apply correctly to a sphere, 
but if we test that solid, by the method of Equivalent Level Hights, 
we should find that the end sections being 0, have a hight of 0, and 
that the mid-sectioa being constructed on a mean of like parts in the 

• HenBk'a Field Boob (I8S4). t Peirce's Plana and Sulid Geom. (1837). 

X Giilcepic, Frank. Inst, Jour. (1859). 
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ends must also equal 0, and hence we might in this nay legitimately 
come to the conclusion that the globe itself had a solidity of ! This 
shows that Equivalent Level Hights are limiled in range. 

The error obviovgly is — that all, or most of the transformations and 
modifications of the Prismoida! Formula, are intended for right-lined 
solids, "varying uniformly " from end to end, like a stick of timber 
dressed aW tapering, and to all such rectilinear solids tliey do apply 
correctly ; but not to those which bulge out, or curve in, by laid 
unkiunon to Sutton's dejinition of the Prismoid. 

It would be easy to illustrate this by examples, and to show that, 
confined within proper limits, the usual modifications of the Prismoidal 
Formula are correct enough for practical use ; but ihey have not tlie 
wide range of their principal; nor must they be expected to apply 
either to tlie three round bodies, or to warped solids, but only to right- 
UneS ones, varying uniformly, or nearly so, from end to end. 

One important point, however, must n^t be overlooked in applying 
the Ppismoidal Formula (or its modifications) to cases of earthwork: 
that is, the ground mws! be properly erosa-aectioned ; or, have its sections 
judiciously located, while the bights and distances of its controlling 
points are correctly measured and recorded, prior to undertaking the 
calculations oFsoUdity. 

It is in this point that Borden's ridge and hollow problem fails,* 
Had one or more intermediate cross-sections been adopted there, no 
difficulty would have existed in its calculation, either by Borden him- 
self, or by subsequent students. 

To illustrate this subject, we will 
give an example, drawn from Simp- 
son's original Prismoid of 1750, on 
which he founded the Prismoidal 
Fiyrmida, or used to explain it. 
Art. 2, Fig. 2. {And see Figs. 48, 
49, 50, 51.) 

Here we will take the Prismoid as 
being cut in two, by the diagonal 
plane, through DB, so as to divide it 
into triangular prismoids, and then 
calculate oi>e of these halves in three 





» BDrdi^n'a Useful Fori 
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, as tlie 
octangular pris- 




1. By Simpson', 
half of a r 
moid, dimensioned 

Fig. 2. 

2. By Rights and Widths, as a 

triangular earthwork solid, 
witb unequal side-slopes. 
(See Fig,. 48, 49.) 

3. By Equivalent Level Highta 

purely as an eiuivalmt tri- 
angular prismoid, or earth- 
work solid, within a diedrai 
angle of 90°, and having 
equal side-slopes of 1 to 1. 

In all these figures the angle A = 90°. 

B and B, Figg, 48 and 49 = 3S° 40', and 33° 41'. 
Areas, /'*S^"<» 50 = 320." 
't 49 and 51 = 216. 

The eommoa hight of the prisraoids being h ^ 24, All the calcu- 
lations being carried out in detail ; all having the same end areas, 
320 and 216; and all dimensioned as marked upon the figures. 

"We find, then, by all these calculations, the Solidity to be the same 
= 3200, varying but a few small decimals, and agreeiog with the 
results already ascertained in Art. 2. 

This exhibits the equivalency we have been discussing (the figures 
being quite unlike), and might readily be extended to more compli- 
cated examples, wi^ a like result 



15. Equivalence of some important Formulas, for 
Solidity of Triangular Prismmds of Eartlavork, contained viitkin 
Diedrai Angles, formed by Prolonging the Side-slope Planes to an Edge. 

Equivalent Formulas are those which reach the same results by 
unlike steps — and in mathematical processes it is often found that a 
general formula will hold in many cases, usually governed by concise 
special rules, and yet produce identical results. 

This is equivalency, and relates la mensuration especially to the 
Prismoidal Formula, which appears to have a sort of concurrent juris- 
diction over the domain of solid geometry, along with the special 
rules for the volume of each separate solid, producing exactly tha 
same results, though by different steps. 
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Such is particularly the case in earthwork solids, coutuined (as 
they mostly are) in diedral angles formed by uniform planes, called 
side-slopes, and having a general triangular section — two sides being 
tlie inclined lateral planes, known as side-slopes (continued to inter- 
sect for computation), and these slopes being usually alike in inclina- 
tion, while the contained angle is equal; — the third side, or ground 
line, alone being variable, and often irregular. 

By geometry, triangles haying an angle common or equal, and the 
containing sides proportional, are similar; and the areas of similar 
triangles are always proportional to the squares of any similar or 
homologous lines, or to the rectangles of such as have like positions 
and relations to each other : — as the squares of perpendiculars from 
the equal angles, or their bisectors, the rectangles of containing sides, 
the product of bights and widths, etc 

Now, these triangular sections of an earthwork solid, extending 
(for computation) from the ground surface to the intersection of the 
side-slopes prolonged to an edge, are seotions of triangular pyramid», as 
well as ofprismoids; and to such solids the rules for Pyramids, and 
their frusta, as well as the Prismoidal Formula, and its modifica- 
tions, apply eoneurrently, and either may be used at will, with correct 
results. 

These considerations regarding the equivalency of Pyramidal and 
Prismoidal Formulas in such cases are important, and require to be 
well considered by computers of earthwork, 

Button's definition of the Prismoid is based on three conditions: 

1. The two ends must be dissimilar parallel plane figures. 

2. They must have an eqimlnumber of sides. 

3. The faces, or sides of the solid, murf be plane figures aho. 
Usually, says Hutton, Ihejaees are plane trapezoids. 
Considering, now, a regular prismoid as being composed of known 

elementary solids. 

Macneill regards it as formed of a prism, with a wedge superposed. 
AH,. 4 (and this is also the case with a frustum of a pyramid, turned 
upon its edge). 

Hutton, of two wedges, formed by a single cutting plane passed in 
a diagonal direction. Art. 3, 

The writer, as a triangular prism trebly truncated. Art L 

Simpson (the father of the prismoid) gives no special definition, 
but figures in his work of 1760 a rectangular prismoid (the same or 
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similar to that adopted and figured by Iliitton, 1770); and by a 
siugle diagoua) plane, convertible into two triangular piismoids. 
(See Fig. 2.) 

Now, as a triangle is the simplest of all polygons, so a prismoid 
within 3. diedral angle (triangular in section) may be considered as 
the simplest of all prismoids, though tlie rectangular prismoid is 
nearly so. 

The simplest case of the ordinary trapezoidal prismoid of eartbivork 
is in, or upon, ground level transversely. 

In that ease, the cross-sections are level trapezoids, and the solid is 
obviously composed of a prism and superposed wedge, as in MaciieiU'a 
solid, Art. 4. 

Its volume may be computed by Simpson's, or by Hutton's general 
rules, because this solid then is strictly a prismoid within the scope 
of Hutton's definition, and as a whole computable only by prismoidal 
rules. 

But suppose the assumed road-bed was taken less and less, until we 
reached the edge of the diedral angle, and it became zero. 

Tken,ih.e erosa-section from a trapezoid becomes a triangle, and the 
prismoid changes at once into a frustum ofapyi-amid — a solid known 
since the days of Euclid. 

This solid becomes then computable by Euclid's geometry, as the 
frustum of a pyramid— <ir by Equivalent Level Hlghts — by roots and 
squares — by geometrical average— all of which are equivalent, as are 
the simil'ar rules of Bidder, Baiter, Bashfortb, and others; or, by 
wedge and prism, by bights and widths (Simpson), by Hutton's par- 
ticular rule, by the method of initial prismoids, or, finally, by the 
Prismoidal Formula itself, which always holds alike for prismoids, 
pyramids, or pyramidal frusta. 

Hutton (4to Mens., 1770, p. 155) shows that in similar sections of 
a pyramidal frustum (say triangular) the squares of similar Hues, as 
the bisector of an equal angle (which the centre line of a railroad 
generally is), are as the areas of the cross-sections, or, conversely, the 
areas are as the squares of similar lines (Chauvenet's Geom. iv. 7). 

Then, from Hutton's prob. 7, cor. 2, we have a formula (for pyra- 
midal frusta) in which, substituting Bidder's and Baker's notation, 
we have, by a slight reduction, tlie identical rules given by those 
authors for the computation of earthwork,* 
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AVe will now give a diagram to illustnite the equivalenoi/ of prii 
dal and pyramidal formulas. 



H^. 52. 




IS^ 


^ 


"x^ 


pr 


'^^v 


H' ■ K 




^^ 


s^ 




^h^ 


i^ 


y^ 




i^ 


<^.. 




r-lS 


Boad.T.ea-18. 



fit;. 52 represents the full station of earthwork, already shown in 
Figi. 22 and 24, having n road-bed of 18 feet, and side-slopes of Is to 
I, with other dimensions as marked npoti the figures. 

Suppose, ill all cases (as in Firj. 52), the trapezoidal sections of the 
ends above the road-bed to be carried down by prolonging the side- 
slopes to their intersection at I I, the edge of the diedral angle. 
!ee ^ Top of larger end, and h = its bight = 30 feet, 
bb = Top of smaller end, and h' = its hight = 20 feet. 
I = The intersection of side-slopes, of 1§ to 1. 

Then, suppose a horizontal plane to be passed parallel to 1 1, throiigh 
hbbh, then ccbbbb, the part cut off, is a wedge, its edge being b b, 
the top of the forward cross-section ; while A — h' = tiie iiight of the 
back eeb b, — and as a wedge it may easily be calculated. 

Now, suppose the plane bbbb moves downwoT^, parallel always to 
its first position at the distance h' from I, then the solid immediately 
becomes a prismoid — being then a prism with a wedge superposed, as 
in Art. 4 (or analogous to it). ' 

Continue this parallel movement of the plane downward until we 
reach the position a a a, assumed for the road-bed, and then we have 
the precise case of Art. 4— S5r John Macneill's figure of 1833, To 
this of course the Prismoidal Formula applies, but the Pyramidal For- 
mulas do not. 

Continue on again, with the movement of our supposed horizontal 
plane downwards, until it cornea to I, I, (the junction of the side-slopes), 
then the solid becomes the frustum of a pyramid, triangular in spc- 
tion, aiul the ivedge is absorbed; nevertheless, a frustum of a pyramid 
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is also iu this respect like unto a prismoid, and may, if we choose, be 
regarded as a prism with a wedge superposed, and forming the tof 
of the solid. 

Taking tlie horizontal plane, supposed to move parallel downwards, 
at three particular points of its progress, — at 6, o, and I, — the caleula- 
tiona for volume would be, 

1. For the wedge alone ^ eebhhb 

2. " wedge and prism, or prismoid = ccaaahb. 

3. " frustum of apyramid alone, botli wedge and prism being 

merged in it — and in such case this is the simplest and 
best tbrni of calculation, /or volume. 

We may here remark that so long as the end cross-sections contain 
a road-bed of definite width, the solid is a real prismoid, and must be 
computed as sucli by primnoidal rules alone; but the moment the 
angle at I becomes common to both, then the solid becomes a regular 
frustum of a pyramid, and all the pyramidal rules apply, as well as 
the prismoidal ones, to whieli they are strictly equivalent, whenever I, 
the diedral edge, is common to both. 

Now, suppose the case reversed^ and that the horizontal plane was 
originally passed through I, I, (edge of diedral angle), and moves 
gradually upwards, parallel. 

At every step of its progress, the solid, cut off above I, is always a 
prism, until its limit has been reached, sXhbbb, the top of the 
smaller end — here the moving horizontal plane ceases to bo longer 
useful in illustration; and becoming fixed at one end, on tlie top of 
the/or end section as an axis, opens wider and wider at the near end, 
until it attains the line c c (the top of the main solid), and completes 
the wedge we have referred to, a-nd the pyramidal frustum with it. 

In this position the whole solid is undeniably a pTismaid (if we 
allow to it aji infinitesimal road-hed). So, also, \t\&afrmlumofairian- 
guhr pyramid, both being strictly equivalent, and both computable by 
Vie regular Tides for either.* 

We will now illustrate this equivalence of the PrismoidaX and I)/ra- 
midal Form-ulas, in their application to earthwork solids, within 
diedral angles, by a few examples. 

Taking the dimensions of Figs. 22 and 24, with IJ to 1 side-slopes, 
and road-bed of 18, for the numbers to be employed — the diedral 
angle being common to both. 
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1. PrignioidaUy. — By tlie (Jirect and cross multiplication of Hights 
aud Widths. Formula at the end of Art. 9 VIIL 



nights 



:o/\ w 



20 
60 



90 
20 



2700 1200 2)1800 + 1800 



2. Pi/ramidalbj.—By the r 



30 20 
30 20 



SO 
20 



900 400 600 



2700 

1200 

1800 

6)5700 

950 X 100 
Solidify, m 



-- 95000 = 
before co 



;s of Baker's Earthivork. 

900 
400 



I = 100 
3^150 



95000 = Solidity, as before computed 



3. Prismoidally.—By Simpson's i 



lodified for triiingular solids. 



' 


lighi, 
30 
20 


X 90 
X 60 


= 2700 
= 1200 








Sums, 


50" 


X 150 


= 7500 
12)11400 














950 


X 100 = 


= 95000 = Sollditn. as 
before computed. 


^yramk 


lally 


■.—By Roots and Sqa 


ares, Art. \0 (c). 




End Areas . . 
Roots. . . . 


= 1350 
= 3674 


600 

24-50 






Sun 






61-24 








Square of Sum 
End Areas . . 


= 3750 
]'1350 

"t 600 
6)5700 














950 X 


: 100 = 


95000 = 


SoUdiiy, as 



befure computed. 
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5. finally, by Warner's Earthwork, Art. 112. 



Differfince = 10 | 5^ C) gg [ Difference = 30. 

Sums . , 50 X 150 = 7500 

-7- 8 = 937-5 = 1st terra. 
10 X 30 .„. „, , 

"SITS"^ _l£o=2dterm. 
950 
X 100 = 95000 = Solidity. 

So, we may safely assume that the Pyramidal Formulas of Bidder, 
Baker, and others, the Geometrical Average, Equivalent Level Hights, 
Euclid's rule for the frustum of a pyramid, etc., are a/i strictly equiva- 
lent to the Prismoidal Formula, and its modifications, when applied to 
earthwork solids, vdtkin diedral angles; — on ground transversely level. 

16. Summary of Jtules and Formvias from ike Preliminary Problems. 

It will be found convenient to use, substantially, the same notation 
for the Pi'ismoidal Formula, and its numerous modifications, wher- 
ever practicable. 

lb = Base, or area of end assumed for such. 

\t E= Top, or area at the other end. 
Thus M(m = Hypo^ietical Mid-section, used in computation. 

I k ^ Length or hight of the Prismoid. 

\S ^= Solidity or volume. 
Then, the Prismoidal Formula can always be in substance expressed 



6 + (+ 4w 



X A = S, when 1 



(6 4- 4 m + () X 4 A = 8, for rectangular prismoids, or equivalent 
solids; or, when triangular prismoids ai'e under computation, 

■ ■ — X A = S, equivalent in using triangular sections 

and double areas, to this rule in words : The separate products of kitjfiis 
by widths at each end, plus prodvfA of aunts of highis and mdths at both 
ends, and the mm of these three produdu, mtdtiplied by -^h ^ Solidity. 
The following modification of this rule may be sometimes useful in 
computing the volume of triangular earthwork solids: The products 
of ike direct multiplication of higkt by width at each end, plus mm of 
half products of the cross muliiplicatians of alternate hights and vndths as 
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both ends, multiplied by ^ h =: solidity from ground to inimseelion of 
slopes, and wimMS the grade priem = solidity from road-bed to ground. 

Many other expressions are assumed for special purposes by the 
Prismoidal Formula; but no matter ihto what shape it be transformed, 
the essential idea must always be borne in mind that this formula, in 
words, condsely is, 

" The sum of the areas of the two ends, and four times the sec- 
tion in the middle, multiplied into ^h = 8." {Button, 1770.) 

Such ia the simple expression of this celebrated formula — given a 
century ago — which applies not only to all prismoids, but to all right- 
lined solids, and many curved ones too.* 

SUMMARY. 
For rectangular prisraoids, or any priamoid, reduced 
to an equivalent rectangular section, we have Simp-, 
original rule expressed by sides of the end rect^ 
iS, referring to Fig. 2, Art. 2. But it ia more 
convenient, perhaps, for our purpose, to designate 
these sides relatively, as hights and widths, and in this 
form we may write Simpson's rule as follows r 

(Hight X Width of one end) -f (Hight X Width 
of other end) -{- (Sura of Hights X Sum of Widths 
of both ends) X J A = S. 

And the transformation of this formula, for use in 
the computation of triangular prismoids {like earth- 
work), placing it in Hutton's form. 

■=Pri3. Mean Area, and X h =SoUdity. 



12 



For rectangular prismoids, considered as two wedges. 

We have Hutton's General Hide for any prisnioid, 

(_b + t + 4m}Xh „ 
g =S. 

We have also Hutton's Particular Rule. 

(217+1 X B + 27+X X 6) X i A = S. 



• The Enslist engineers have for msny years unhesilatingly spplied this formula lo 
the warped aolida of earthvrorfc. See Denpify'n Praolical Railway Engineer, 4th edition, 
4to, London (1S56), pp. 71 to 74. And in this eounlry, Prof. Gilleapie (18o7), and John 
Warner, A. M. (1661), have also disoassed Ihe saij^ot of Warped Solids <■/ Eartkwoi-k. 
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V. 
VI. 



SUMMARY— Continued. 

For unusual and irregular prismoids we have tlie 
method of " Initial Frinmoids," deduced from Hutton. 

sr a prismoid, composed of a prism and wedge, 



+ (h'r — grade triangle) X 



I trapezoidal prismoid of earthwork, taken t 



(B + i + 6)X(H-A) 



For 



We have theJoUowing Rule: 



In Id cross-section 



I 2d erosssedio 



' Add road-bed + top-width + 
) road-bed of 2d section; multiply the 
(sum of these three by level hight 
.of section, and reserve the product. 



Add road-bed -|- top-width + top- 
width of 1st section; multiply the 
sum of these three by level hight 
l^of section, and reserve the product. 
Finally, add the two products reserved, and ^ of 
tlieir sum is tbe mean area of the Prismoid, which, 
multiplied by length = Solidity. 

For a triangular prismoid of earthwork, we have 
the following modification of the Prismoidal Formula, 
operating by direct and cross-multi plication of bights 
and widths. All bights being taken at centre from 
ground to intersection of slopes, and all widths from 
top to top of slopes on both sides of centre. 

Let A and h' = the higbts. w and vf = the widths. 
Then, 



h X w 

I X 

I h' X w' 1 
Length = 100, 
\ usually, / 



length = S. 
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SVMMATXY—Conthivsd 

Simpson's Rule, for the Quadrature and Cubature 
of Curves (adopted by HuttonJ, and copied from the 
4to Mens. (1770). 

j Sum. extreme ordi nates ^ A. 1 

I " all even " = B. | a + 4B + 2 C ^ 

1 " all odd " = C. [ W~~ ^ 

[ Common distance = D. J J) = area or solidity. 



For 



A + 4E 4- 2C 



e may transform this into. 



To find the solidity of a triangular prisraoid by 
roots and squares. 

h and k' = The end highta or representative 
square roots of the areas of the ends (between 
ground and intersection of slopes), at regular 
stations, numbered even. 

m = Place of mid-section, represented by its ordi- 
nate, and numbered odd. 

Length = Usually, 100, between principal sta- 
tions. 



y + h" + (h + hy 

6 



X length = S. 



"^Vhich, for one station, is equivalent to Hutton'a 
le above. This is a very important transformation 
of the Prismoidal Fomvula, and should be well con- 
sidered, with the examples in Art. 10. 

One of the earliest followers, in the path projected 
by Sir John Maeneill, of using the Prismoidal For- 
mula, with auxiliary tables, for correctly computing 
the volume of earthwork solids, was G. P. Bidder, 
C. E., ivbo adopted the obvious plan of imagining tlie 
de-slopes to be moved parallel inward, to intersect at 
grade, and then computing the triangular solid thus 
formed as a prismoid, or the frustum of a pyramid 
{both being equivalent in these eirsumstanees) ; finally, 
calculating the centre part (or core) as a prism aepa- 
,tely, and adding the two for the volume of the whole. 
The core being computed for one foot wide only, 
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SUMM AE Y— Continued. 



and then multiplied by the width of road-bed intended 

to be given.* (This is the plan of Macneill's second 

ries of Tables, for various side-slopes, and base of 

Bidder's formula for the slopes united is, [ (o + hy 
— a 6] 1^ = 8, in cubic yards for a 66 foot chain, a 
and b being the bights or depths at the ends. 

This is identical with the formulas of Baiter, Bash- 
forth, and others, of subsequent writers : = (a' + a 6 
-f- 6') ^'^ — S, in cubic yards, and is in foot the alge- 
braic expression for the volume of the frustum of a tri- 

iguiar pyramid, demonstrated iu all the elements of 
geometry — supposed to have been originated by Euclid 
(about 300 B. c), and known iu this country as the 
method of Oeometrical Average. 

These formulas are equivalent to the following, men- 
tioned iu Art 12. 

'Sum of sqs, of hta.) + (Sq. of sura of hta.) i _ □ 
•—^ 6^^^^ X A - b 

2 (Sum sqs.) + 2 (Rect. of hights) 



, or dividing by 2, 



(8um sqs. of hights) + (Rect. of hights) 



Xh = 



which, for a fourpoh chain, and cuhw yards, beeomes 
equivalent to tJie formulas above, by introducing the 
'proper fractional multipliers — the hights are the square 
roots of the areas. 

• A similar plan of oomputing end tabulating the alopca and oore 
foparaCel; : the latter on a huse of «iiilg, to be subeequentl}' multi- 
plied, by an; road-bed, is nlso 
pionoer of Bnrlhuorli Tables iti 
liae been followed by eeveral oi 
obvious na to be likely to oconr tn Kny etndent. This core and elof 
method originated by Bidder and Johnson (some 30 years ago), an 
ainoo repented by numerous writere, is now again reiterated by th 
latest oompller of Earthwork Tables, E. C. Rice, C. B. (St. Looii 



inntry (New York, 1840)— and 



Mo., : 



'")■ 
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CHAPTER II. 



FIKBT UEiaOD OP COMPUTATION BY MID-SECTIONS, DRAWN AND 
CALCULATED FOR AREA, ON THE BASIS OF HUTTOX'S GENERAL 
BULE. 

17 Since 1833 — the date of publication of Sir John Macnelll's 

meritorious volume on the mensuration of earth\¥Orks, for canals, 
roads, and railroads— the investigations of numerous able writers in 
various countries have shown, eond-advely, that the Prismoidal For- 
mula (adopted by Maeneill) furnishes fJie most conveni47U, if not the 
only correct rule for the measurement of the immense bodies of mate- 
rial employed in earthworks, and removed from, or supplied to, the 
irregularities of the ground eneountared by the location of lines, 
xtnder the general name of excavation or embankment 

The writer, aa long ago as 1840, in the Journal of the Franklin 
Institute of Pennsylvania, repeated the demonstration of the formula 
referred to, by means of a simple figure, and established its connection 
with the ordinary rules for the volume of the three pHnoipal right- 
lined bodies, known to solid mensuration— (/te iVism, Wedge, and 
Pyramid — (to all of which, whether complete or truncated, the Pris- 
moidal Formula correctly applies); these are the elementary solids 
which enter into the composition of a station of earthwork, and sepit- 
rately, or together, are all computable by the same rule. 

He also showed, by numerous examples (worked out in detail) of 
the leading forms assumed by railroad earthworks, that by means of 
hypothetical mid-sections, deduced from the usual cross-sections taken 
in the field (and diagrammed between them if necessary), the volumes 
of excavation and embankment solids could be computed correctly 
without unusual labor, and with more than usual acauraey. This 
method was made to depend essentially upon two points : * 

• Jonrnal of tte Franklin Institute (Phlindelphia, 1810). 
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1. " That the fomiula expressing the capacity of a prisrooid w 
the fundamental rule for the mensuration of all right-Hned solids, 
whose terminations lie in parallel planes, and is eijually applica- 
ble to each." 

2. " That any solid whatever, bounded by planes, and parallel 
ends, may be regarded as composed of some combination of 
prisms, prismoida, pyramids, and wedges, or their frusta, having 
a common altitude, and hence capable of computation by the gen- 
eral rule for prismoids." 

All excavation and embankment solids come within the scope of 
these definitions, and all are computable with ease and accuracy by 
means of the Prismoidal Porraula, 

These views have met with general acceptance from most practical 
writers, but many useful transformations and modifications have 
naturally been indicated ; all grounded upon the same formula wbich 
appears to have originated with Thomas Simpson, an eminent mathe- 
matician, and was demonstrated and publisbed by him (^ for rectangular 
prmnoids) in London, 1750 (Arts. 1 and 2), but generalized and 
made more useful by Hctton, in 1770 (Art. 3). 

This extraordinary formula is not only the fundamental rule for 
all right-lined solids, but reaches also to many curved bodies and 
warped surfaces (as before mentioned), so that it may safely be 
assumed as cxirreet for all the earthwork solids in common use, which, 
indeed, are invariably laid out with the view of reducing the ground, 
however irregular, to equivalent planes {as near as wtay be), by means 
of levels and sections, taken at short distances ; and though this efibrt 
may not be entirely successful in practice, it must be so nearly so that 
the warped surfaces, remaining involved in the solid, can only difier 
slightly (if at all) from those for which the Prismoidal Formula is 
known to hold. 

As a general rule, it may therefore be considered as close an 
approximation to existing facts as is admitted by any convenient 
method within the present range of human knowledge, and far more 
accurate than any of the proximate rules, which have been extensively 
employed for the solution of the complicated problems of earthwork. 

As a preliminary matter, it is necessary now to make some remarks 
on the manner of collecting data in the field, for subsequent use in 
calculating the quantities of earthwork solids. 

The centre or guiding line of the road or work having been care- 
fully located upon the ground, and marked ofi' in regular stations — 
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usuaUy of one hundred feet eacA — the next operation is to cross-section 
the work, with kvel, rod, and tape; most engineers also using tlie 
dinometer, or slope level, as an anxiJiary, in some stages of the pro- 
cess. The centre line is assumed in all cases to be straight, from point 
to point, and generally to be a tangent line, to which the cross-sec- 
tions are perpendicular, but owing to the convergence of the radii 
upon curves, this is not strictly correct — though within the limits of 
the work staked out, that convergence is but slight ; nevertheless, the 
cross-sections (before proceeding to level them) should be set out 
approxtTnately, normal to the tangents, and radial to the curves ; and 
upon all curves, or at least on all of small radius, intermediates at half 
diMance should be placed, or, if the curves are unusually sharp, even 
at the quarter of a regular station. 

Some engineer manuals furnish formula for the correction of quan- 
tities upon curved lines,* but they are rarely used ; a simple reduction 
of distance between the cross-sections, or a closer assemblage of them, 
being 'Usually deemed suffident. 

The surface of the ground f is regarded by the engineer as being 
composed o? planes variously disposed, with relation to each other, so 

• Ihe simplest and tnosl convenient rale for this purpose, is that of Warner's Earth- 
work (ISBl). This rule has been adopted, and sumewhat simpliEed, bj Prof. Rankine, 
in Useful Rules, eU. (London, 186H). 

Thepraee^i i> .■ First, to caloulate the Bolldity of the earthwork to the interseotioti of 
the slopes (as though the line wero straight), and then to multiply it by a factor, wbie!i 
oorreota fof curvaturo. 

Difference slope distances , 

This factor ia found ilm 

being Siddcd to nni 
snbtiacted, i/alJei-isi'ie, 

Far eiampli!, take a eurve of 700 feet radios, lying npon a heavy emhankmenl, along 
B ground surface sloping Bniformly inwards, loiraid. the centre of the curve, at the rate 
of 15°. Tberoad-bedbeingJlfeetnide, and aide-slopes U to 1. 

Let tiie difference of slope distances be i1 feet, the greater being intc^rdi, and suppose 
the whole volnoie, for straight nork ^ 59tT cubic yards to interseotion of slope. Then, 

— li-- :^ -02, and 1 — -02 _ -98, ihe facial reguiVeif, Then, 5917 X '^^ = "99 

cubic yards, and 5799 — grade prism (35B) =. S443 cubic yards, tU valumi, oorrectfd for 
Bunalme. The difference in this case, produced by tlie curvature of the line, being 113 
cnbio yards, for the station eorapulad. 

The corrcBtion for other curves would be miersdy as their radii, and for a. 1° curve, 
Bimilarly situated, about 15 cubic yards, per .tolion. 

The difference of the rfisfanceir oui from the centre are the same tiling as Prof. Ran- 
kine'fl difference of slope distances — sinoe the former involve an equivalent quantity on 
both lidea of centre, equal to half Ihe road-bed. 

t Journal Franklin Institute (1840). 
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that any vertical section will exhibit a rectilineal figure, more or leas 
regular. This supposition, though not strictly correct, is sufBciently 
accurate for practical purposes. 

Upon the cross-sections (taken near enough together to define posi- 
tively the general figure of the surface), sufficient level poiDts are 
obtained transversely, by level and rod, their distances out from 
centre being simultaneously measured, with a tape line ; in this man- 
ner, both vertically and horizontally, in relation to established planes, 
the position of all the points necessary to determine the configuration 
of the ground is well ascertained. 

These points of elevation, or depression, are commonly called phts 
or miifm cuttings ^or simply cuttings), and the horizontal distances 
which fix their relation to the centre are shortly called distances out. 

The details of the operation of taking the cuttings, or cross-sectioning 
the work (a matter of vital importance in correct measurement), 
require good judgment and accuracy; but are so well known to prac- 
tical engineers as to render unnecessary a description at length. This 
operation, however, is tlie absolute foundation npon which the whole 
fabric of computation rests, and if it be not judieUtwly executed, al! 
rules are vain. 

We may here mention a general maxim, which should never be 
neglected, if accurate results are desired, viz. ; ^( ejien/cAo/iye of sur- 
face slope, transwnd'j, single cuttings and distances out must be taken; 
and at e/eeiy longitudinal change, sections of cuttings or cross-sections 

Upon very rough ground it is customarj to make the lateral dis- 
tances apart of the cuttings, umfjrmly 10 feet Mbich matennlly 
iacilitates the subsequent calculations so much 'to, indeed, that on a 
rock side hill it is often advisable to use this di'^tance e\en though 
the ground seems not actually to need it the cuttings and distances 
out are commonly taken in feet and tenths, and the r^^ular stations 
of one hundred feet are subdivided by cross-see tions into shorter 
lengths, if the ground requires it, as is frequently the case.' One foot 
being usually the unit of linear measure, one hundred feet a regular 
station, and the cubic yard the unit of solidity, in earthwork. 

Though not indispensably necessary, it will be found convenient 
in using the prismoidal method of calculation, as well as conducive 
both to expedition and accuracy, to observe the following rules in 
"taking the cuttings" as far as the character of the surface will 
admit; viz. : 
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1. Ou side-hi!l, at each cross-section, where the work runs 
partly iu filling and partly in cutting, ascertain the point where 
grade, or bottom, strikes ground surface. 

2. On every cross-section, take a catting at both edges of the 
road, or at the distance out right and left of one-half the base, 

3. Always take a cross-section, whenever either edge of the road- 
bed strikes ground surface, and set a grade peg there to guide 
the workmen, 

4. On rough side-hill, or wherever the ground appears to 
require it, take the cuttings (not otherwise provided for) at tea 
feet apart. 

5. Wherever the ground admits, place the cross-sections at 
some decimal division of 100 feet apart, as 10, 20, 30, etc. 

6. Endeavor to take the same number of cuttings, in each 
adjacent cross-section, to facilitiite the computation. 

7. On plain and regular ground, take three cuttings only — at 
centre and both slopes. 

If these simple directions are observed by the field engineer, and 
the work carefully done, much labor will be saved, both to him, and 
to the computer in the office. 

In all cases of side-long ground, we suppose it to slope in the same 
general direction, between the end sections, and do not admit <>{ oppo- 
eUe surface slopes, because, under the general rule, the field engineer 
would place a cross-section at the point of change slope, and render 
the consideration of opposite slopes, and the warped surfaces they 
always produce, entirely unnecessary; indeed, by more closely assem- 
bling the cross-sections together, we can practically reduce even the 
most irregular surlace to a aeries of planes coincident with it. 

Nevertheless, an able writer * has shown that warped solids of a 
certain kind are computable by his rules ; and the late Professor 
Gillespie, in several valuable essays, has demonstrated that hyper- 
bolic paraboloids at least could be correctly calculated by the Pris- 
moidal Formula ; while English engineers have long used this rule 
for computing the volume of earthwork solids, wt(A warped surfaces ;f 
it appears, however, to be more certa.n and satisfactory if we confine 
the operations of this formula to wJirfs bounded by plane surfaces as 
nearly as circumstances admit; but it is fortunate that our rule is 

* John Warner, A. M., Computation of Barlhwork (I'iei) —Prof flilleapie, MttHttal 
of Roada and Rsilroada, lOlli edition (1871). 

t Dempsej, Praotioal Railway Engineer (London, 18J6). 
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known to hold for some descriptions of warped ground, and hence can 
hardly fail to proximate results, near unto the truth, however much 
the surface may be warped, between the cross-sections, if they have 
been judiciously placed by the field engineer. 

a The modification of the Prismoidal Formula, which we 

shall employ in this first method of computation, will be that designed 
to find a mean area, to be subsequently employed by the aid of our 
Table, at the end, to ascertain the cubic yards of volume. 

This formula comes from that generalized by Hutton (1770) through 
the special mid-section, and is expressed in the beginning of Art 16 
as follows:* 

■ ^ Prismoidal Mean, and X '' = S (the Solidity). 

Summarily expressed in words as follows; One-sixth the sum of 
end areas, and quadruple mid-section, multiplied by length, gives the 
Solidity. 

This general formula (identical with oneof Hutton's) requires three 
areas (one, the mid-section, deduced from the others), and also the 
hight or length of the Prismoid to be given; and by its aid we pro- 
pose III illustration to furnish Jitie examples of calculation. 

1. Of a regular station, of three^levd ground. 

2. Of the same length, of jive-level ground. 

3. Of severi-level ground. 
4 Of nine4evel geoand. 

5. Of a portion of excavation and of embankment adjacent, 
with an oblique passage between them, from one to the other. 
We here follow a classification of ground nearly resembling that 
adopted by the late Prof. Gillespie (one of our ablest writers upon 
earthwork), who enumerates four classes only, under the simple 
nomenclature of, 1, one-level; % two-level ; Z, three-level ; 4, irregular 
ground; and under these four classes, he dealt with the problems of 
earthwork in his excellent lectures "to the Civil Engineering Classes 
in Union College." t 

B " Thia rule," fiija Prof. Rnntine, in Usefnl Kules end Tubles, 2d f aitiun, Londgn, 
1867, p. 74, " ftppliea generally to anj aolid bonndod endwiao by a pair of parallel planes, 
ond aidevraya b; a conioBl, apbarical, or ElHpEoidnl Burfsce, or by any numbot of 
pl.n,,.- 

f Manual uf Roads and Railroads, lOlh edition (1871). 
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We think, however, that few engineers would be willing to class 
oidiaaTy five-level ground as irregidar; for such ground would in fact 
be produced simply by the angle levels commonly taken, which at 
once convert the plainest three-level into five-level ground. 

But ground requiring more than five cuttings on one erosssection, 
all would probably agree in classifying as irregular, and such is the 
view taken by the present writer. 

This would bring all ground whatever within the scope of five 
ehssee, and make but a slight variation in Gillespie's nomenclature. 
1. Ijevel ground, where the centre cutting alone is sufficient for vol- 
ume. 2 Ground slightly inclined, where side-hights only may have 
been taken 3 Ordniary ground, requiring centre and side higbts 
4. Same as 3, with the addition of angle levels, or one cutting right 
and leit of centre, bobides those at the slope stakes. 5 Iiregular 
ground, — auih, or any similar classification would somewhat simplify 
the matter of eai tliw ork, but it is not indispensable. Centie cuttings, 
or level hights at the centre, are, however, invariably taken m the 
field, and recorded at the time, whether they be subsequently used or 
not, so that class 2 would seldom occur on original ground 

The method of measuring the capacity of long irregular solids, by 
means of normal sections, at short distances, has long been used by 
mathematicians ; of which numerous examples may be found in Hut- 
ton (1770), aa well as in the demonstration and use of Simpson's rule 
for quadrature and cubature, referred to in many works, both civil 
and military. 

This method then was naturally adopted by the earlier engineers 
for the mensuration of earthwork, and has been continued down to 
the present day with little chance of being superseded ; as the areas 
of the sections, commonly known to the engineer as erosg-gectians, are 
not only useful in the computation of solidity, but also in many other 
ways, during the progress of earthworks ; and consequently those rules 
which disregard the areas of cross-sections, and aim directly at the 
volume alone of excavation and embankment, are lem useful (even if 
more corteiae) tlum those vihidi require the sectional areas to be first com- 
puted. 



18. Examples in Computation by the First Method. 

In computing by this method, the Grade Prism is liot required, and 
is not used, but it may be employed in verification. 

Example 1. — We will now give three figures (Fiffs. 53, 54, and 55), 
representing three cross-sections, upon one regular station of 100 feet 



>y Go Ogle 



MEASUREMENT OF EARTHWORKS. 



in length, of a railroad cut with side- 
20 feet — the other dimensions being i 



of 1 to 1, and road-hed of 
ked upon tlie figures. 

In these, the first and last represent the end cross-sections of the 
10 feet station, supposed to have been regularly taken in the field. 

The other {Fig. 54) being the hypothetical midsecHon, deduced from 
e end ones, as required by Hutton's General Rule. 



ri^.53 


jc 
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These cross-sections are marked as follows: 
= 890 Area. 



Length, 100 feet = k. 
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And the calculations fur solidity are as below i 



Calculations, / 



2500 
6)3790 



631-7 = Prismoidal Mean Area. 
2339-6 = Cubic Yards (by Table) for 100 feet. 
The above example is for plain ground of " three levels," aa classed 
by Professor Gillespie. 

Example 2, — We will now give an example of a railroad cut, with 
the same road-bed (20) and ratio of side-slopes (1 to 1), i 
ground. 
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The three cross-sections, upon the regular station of 100 feet, are 
aninbered, Fii^s. 56, 57, and 58, and marked b, m, and t, the middle 
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one being Hutton's kypotketioal mid-section, deduced by Arithmetical 
Averages from b and (, the cross-sections, assumed to have been taken 
in the field, with rod. level, and tape, in the usual manner. 

( Cross-sections. \ 
= 244 Area. / 

= 286 " ) 

/ f = 331 " [ 

\ Length 100 feet = A. ) 

And the calculations for solidity are as follows: 
244 = b. 
1144 = im. 
331 = (. 
6)1719 

286"r5 ^ Prismoidal Mean Area. 
And for Cubic Yards, in 100 feet long, per Table = 1061-1. 

Example 3. — We will now give an example of a railroad cut, simi- 
lar to Uie preceding, base 20, slope ratio r = 1, m seven-level 



Example 3 / 



is-sections and areas. ] 
b =52i j 



\ Length, 100 feet = h. } 

Calculations for solidity : 
524 = b. 
2148 = 4 m. 
551 = (. 
6)3223 

537-2 = Prismoidal Mean Area. 
And for Cubic Yards, in 100 f^t long, per Table = 1989-6. 

Example 4. — Although embankment is merely excavation inverted, 
and governed in its computation by precisely the same principles, we 
wiil now give an example of embankment on irregular or nine-level 
grmind, road-bed 16, side-slopes li to 1, and ground surface supposed 
to be jagged masses of rock. CC represents as usual the centre or 
guiding line of the road, the cross-sections being dimenmoTied us 
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marked upon the figures (62, 63, 64), tlie distance between the end 
sections being a regular station of 100 feet, and m {Fig. 63) being the 
hypothetical mid-section, deduced from the two others, supposed to 
have been regularly measured by the field engineer, and furnished to 
the computer by him from his note book. 

The areas of the sections being given, having been previously cal 
culated in the customary i 



Example 4 ( 



I Cross-sections and. 
b =602 



Length, 100 feet = h. 
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Calculations for solidity ; 

602 = 6. 
27r>4 = 4v 



6)4152 

692 = Prismoidal Mean Area. 
And for Cubic Yards, in 100 feet long, per Table = 2562-9. 




13^.83. 



Tig. en,. 




As has been observed ^before, b and ( are correlative, and either 
jnigbt be taken as base ; the calculations of quantity are 'usually 
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made in the direction in which the numbers run, or the one nearest 
to us of any pair may be assumed as b, and the other as ( — it is quite 
immaterial which — but during the pendency of the computation, to 
which they are subject, the special designation must remain for the 
time unchanged. 

The surface of ground, assumed in this example, appears to be mf- 
Jkleiilly irregular to test any rule (though rougher ones will occur to 
the memory of most engineers), and we might proceed to give illus- 
trations of such, but enough has been done in this way to indicate the 
principles on which we work, and which can readily be applied to 
any ease which may occur in practice. Nor does it seem necessary 
here to define and classify the numerous distinct cases of eartliwork — 
(Ae PrUmoidal Formula holds for ail, and it b left to the judgmezit 
of the engineer to make the application. 

19. Gontiected Calculation of Contiguous Portions of Exea,vation and 
Embankment, with the Passage from one to the other. 

Example 5. — See Figs. 65 to 71. 

In Fig. 65, ABC, a portion of a railroad cit(, road-bed = 20, side- 
slopes 1 to 1. BCD, a portion of a railroad _^, road-bed ^ 14, slopes 
IJ to 1. Grade points o four in number, besides the centre. 

In Figs. 66 to 71, six cross-sections, 3 of excavation and 3 of 
embankment, are shown, and all dimensioned as marked. Fig. 68 is 
the base of the closing pyramid of excavation in the passage from 
excavation and embankment, the vertex of which is at the grade 
point B. Fig. 69 is the base of the closing pyramid of embankment, 
in the passage from embankment to excavation, the vertex of winch 
is at the grade point C. 

The other cross-sections are those necessary to compute the portions 
of excavation and embankment shown upon the plan. Fig. 65. One 
of them only is at a regular station, called staiion (10), Fig. 68, the 
others are all intermediates, supposed to have been required by the 
configuratioivof the ground. 

The scale is 20 feet to the inch. 

On the centre line, the excavation shown is 61 feet in length— but 
the closing pyramid of cutting runs 11 feet further to its vertex at the 
grade point B. While in like manner the embankment is 48 feet 
long on the centre, and the closing pyramid of filling extends 7 feet 
further to its vertex at the grade point C. 

This over-lapping of tlie closing pyramids is an inconvenience, but 
it is sometimes unavoidable. 
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Calculations for Solidity. 



9 + 50 . . 
9 + 75 . . 
10 Reg. Sta. . 


. . 
. 25 . 
. 25 . 


. . 907 = 4 m. 1 

. . 106 = i. 1- Excavation. 


Length 


= M 


(5)1355 1 






22-5-8 = Prism. Jlean Area. 
4181 = Cubic YariJs, by 

Table for jSJL feet =418-1 



10 + 11 Grade at centre. 

^Passage, etc., from Excavation to Embanhnmt) 
' Closing Pyramid of Excavation, vertex at B, Fig. 65. 
Area of base at 10 = 106. Then, 



Total Solidity of Excavation = 446-9 

Now, commence the embankment ivith the closing pyra- 
mid in the passage, altitude or length 15 feet, and vet-tex at 
C, Fig. 65. Area of base at 10 + 19 = 46. Then, 

46 + 46 + ^ 15-3 X lengtli, 15 = by Table 56*7 X iVa = S'S 

. 46 = h. ]■ 
. 504 = 4 m. I 
. 215-5 = (. (• Embanhnsnt. 

6)765-5 
127'6 = Pris. Mean Area. 
189-0 = Cubic Yards, by 

Table for iVo = 189-0 

Total SoMUy of Embankment = 197-5 

And this closes the computation of Cubic Yards in the portion of 
Excavation and Embankment, from A to D {Fig. 65), including the 
passage between them, and cmnpHsing in all two priamoids and two 



\ 6 


' 


10 + 19 . . 
10 + 39 . . 
10 + 59 . . 


.■ 

. 20 
. 20 


Length 


-40 



In concluding this branch of the subject, ive may mention that a 
HuTTON defines " a prismoid " to have in its end sections " aw equa 
number of sides" {Arts. 3 and 14), a like number of level hights, o 
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cuttings, ought always to be taken in adjacent cross-sec tiona, but 
should that have been omitted in the field, additional cuttings may 
be computed or drawn upon the sections obtained, so that previous 
to calculating their areas, there shaU be the same number of euitiDgi ii> 
all the adjacent crose-seetions, and we nhall ihen have for solidity a correct 
prisnwid, 

&. In verifying the work given in the first fijur esaniplea 

preceding — illustrated by Figs. 53 to 63 inclusive — the end areas and 
length being correctly given in ail, it is only necessary to prove the 
mid-section ; as an agreement there necessitates a like result when 
used with the given data, primnoidaUy, to find the solidity. 

This proof may be made either by our 2d method of computation 
(Highte and Widths), or 3d method (Roots and Squares) — the latter 
being generally the most convenient, though the former may often 
be used with advantage. 

No dvyle calculation, truly says Prof, Gillespie, ought ever to 
be relied on by the engineer, and proof of the correctness of every 
computation should always be obtained before employing it in work. 

It is often the case when railroads follow the rugged margins of 
rivers that many miles of side-hill work present themselves, where 
the road-bed, located above the flood line, lays in rock excavation on 
one side, and heavy embankment upon the other — to such cases the 
precedingmethod of computation jvill be found peculiarly applicable ; 
both cutting and filing showing tliemselves.upon the end cross-sec- 
tions of every station and intermediate, while the mid-section may be 
diagrammed between them with great facility. 

In continuing this chapter we may state — That in any riffht-lined 
solid whatever, lying between two parallel planes (according to the 
definition of a prismoid), whenever a mid-section can be correctly 
deduced between two given end sections, situated in the limiting 
planes (and by taking pains it always can be), there, our First Method 
of Computation will be found to apply gtridly for solidity. 

So thai this method is a standai^ lest for all other rules, and has been 
accepted as eueh hy Frof. Gillespie, and other able writers. 

Hence, we may repeat that the formula employed in this chapter 
j> the fundamental rule for tlie meniniration of all right-lined solids, 
w/tldn parallel planes, and applicable also to many warped figures, 
and other curvilinear bodies, in a manner so unexpected as to have 
excited the surprise of some able geometers, whose attention had not 
been specially directed to that subject before. 
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Cases often occur in heavy work, where it is evident from the crosa- 
sectiona, that the Iralk of the solid under consideration lays consider- 
ably on one side of the centre line (or where, in common phrase, the 
sections are hp-dded), and it would seem in such eases as if some 
correction ought to be made for the position of the centres of gravity 
(as indicated upon Figs. 43 and 44, Chapter I.) ; for it is most obvious 
that in a long line of heavy work the path of gravity centres would 
frequently erosx and re-erosi the guiding line of the work, and hence 
vKmld necessarily be longer. 

So that if the line of magnitude should be assumed as the true 
line of calculation, the centres of gravity ought to be assembled 
upon the centre line, in. effect, &t every station, and this correction 
would probably he found by multiplying the projections of the points 
of gravity upon the centre, by their distances from it (-(- when on 
the same aide ■—- when opposite) ; but this is a refinement which has 
never been employed by engineers, in dealing with the huge masses 

What the engineer most needs in earthworks appears to be — not 
astronomical accuracy, but the syatematic nae of some rule for solidity, 
which shall always be consistent with it«elf, and closely proximate 
the truth, without involving those stupendous discrepancies (men- 
tioned by many writers), as flowing from the employment of the 
average methods, which have been so much (and as it always appeared 
to the writer) so unnecessarily, used in the ordinary computaiiom of 



The method of computation developed in this chapter finds appro- 
priate application also in masonry calculations. In this manner the 
writer once computed the contents of a heavy stone aqueduct, con- 
taining over 4000 perches, with numerous projections and off-sets, and 
walls battered, both indde and outside. 

The process taken was by drawing to a scale accurate horizontal 
plans, at all the off-set levels, at the skewbacks, and otiier breaks in 
the contour — deducing mid-sections between these, and multiplying 
together each set of three, in accordance with the Prismoida] For- 
mula, etc. 

This gave a very satisfactory exhibit of the work, and a correct 
result in volume, with less labor, and greater accuracy, than any other 
modes he found in use at the time. 

In calculating stone culverts, and bridge abutments also, this 
method will be found quite useful. 



>y Go Ogle 



96 MEASUREMENT OF EARTHWORKS. 

In fact, in computing tlie volume of solid bodies of any kind, the 
engineer will find the Prisraoidal Formula to be either strictly correct, 
or a very close approximation. 

b 'We now conclude this chapter by some remarks upon 

Sor den's Problem. 

Some examples acquire celebrity from being apposite in themselves, 
for the illustration of important processes, and are consequently 
copied by others ; besides, there is an evident advantage to the reader 
in re-producing examples, which, having been before discussed, avfi 
more generally known ; amongst such is Borden's Problem, first pub- 
lished by Simeon Borden, C. E. (Boston, 1861), in his " System of 
Useful Formulie" (AH. 63). 

He treats this example at great length (14 pages), and commita 
some errors, which were subsequently pointed out and corrected in 
Henck's Field Book (Boston, 1854). 

This example was also adopted by John Warner, A. M., in hia 
Earthwork (Philadelphia, 1861, Art. 112), without comment. 

The problem appears to have given Mr. Borden some trouble, 
involving a number of his " blind pyramids," and also some errors, aa 
Mr. Henck hath shown. 

Nevertheless, it is simply a case of injudicious eross-sectioning — for 
had Borden, instead of attempting to compute its full length of 100 
feet, imagined an intermediate at 50 feet (for which he gave a!l the 
data necessary), all difficulty would have vanished, and he would 
neither have stumbled over his own blind pyramids, nor been shortly 
corrected by a subsequent author. 

Indeed, Mr. Borden admits, page 186, of his work of 1851, tbat 
" the engineer would be likely to divide the section into two or thi'ee " 
— and this the present writer deems to be not only likely, but absolidely 
certain. 

Now, taking the end areas alone (100 feet apart), and disregarding 
(for the moment) the irregularities of the ground, which ought to 
have been intercepted and brought out, by an intermediate at 50 
feet — we find r 

Warner, in Art. 112, of his Earthwork, gives for 

the volume = 1155'9 C. Yards. 

By Huttcn's General Eule (as in this chapter) = 1155'9 " 
Difierence . • . . , = 

But Henck, in his Engineer's Field Book (after noting Borden's 
mistake of 360 cubic feet), finds by his own process the solidity = 
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32,820 cubic feet = 1215-5 cubic yards; or, the former are in a 
deficiency of — 59'6 cubic yards, an error inadmissible in tlie quan- 
tity before us. 

In this problem Borden makes two theoretical BUppositions, and 
two summations of results, based upon his hypothetical view of tlie 
efiect upon solidity of the irregularities of the ground surface, between 
the end sections, bvt he gives no opinion on either. 

The Priaraoidal Formula of Hutfan (computed on the whole sta- 
tion of 100 feet) gives precisely an Arithmetical Mean between the two 
guj^ositioM of Borden, but is considerably in defect of the true vol- 
ume as given by Henck's Formula. 

And here we come to the point of the importance of properly cross 
sectioning a solid, before we begin to calculate it; — for if we sketch 
from Borden's data an intermediate at 50 feet, of which we find the 
area to be 335'6 — then all diJumlHes are at onee resolved, and we pro- 
ceed prismoidally in a few lines to reach a correct remit, which Mr. 
Borden failed to attain in fourteen pages. 

Considered in connection with an intermediate at 50 feet, Borden's 
Problem stands as follows: Two end areas = 387 and 240. One 
intermediate area = 335"6. Now, deducing between these (by Bor- 
den's data) the hypothetical mid-sections, required by Hutton's Gen- 
eral Rule, we find they have areas of 293-5 and 366-5, and working 
piHgmoidally with them we quickly find the solidity of the entire body 
to be 32,820 cubic feet, or 12J5-5 cubic yards— p-eme/y the same as 
Henck makes it by his own formula, and as Borden would have made 
it had he bpen aware of the errors into which his own "blindpyra- 
mids" led him. 

As this problem is a well-known one, and has not a very irregular 
appearance in Borden's diagram, we think this a suitdble place to 
urge upon ail engineers the great importatwe of judicious eross-secHoning, 

In terminating this chapter, we may safely state that Hutton's 
General Eule, as applied to earthworks by the methods detailed 
herein, is one which neves FAua when the data is cobrict. 
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CHAPTER III. 

second method op computation, by hight9 and widths, after 
simpsoh'b original rule. 

20 The Primioidal Formula, as originally demonstrated 

by Simpson (1750) — see Art. 2 — waa evidently designed for the rect- 
angular priamoid {Fig. 2) — Its end areas were obtained by multiply- 
ing together the Sights and Widths; and four times its mid-section 
by multiplying the sum of the Hights by the mm of the Widllts. 

To adapt it more conveniently to the triangular prismoida of Earth- 
works, with side-slopes drawn to intersect each other, the original 
formula of yimpson (1750), reduced to the form subseq^uently enun- 
ciated by Hutton, as a general rule (1770), is multiplied by 2, on the 
left side only, changing its divisor at the same time. 

Thus, 



(6 + f + 4 VI) X A _ „ ^ ^ 26 + 2f + 8m ^ 
^ 12 



= S X 2 = ""^;:^""' X A* = S. 



This is the same thing, in effect, as the original formijla of Simp- 
son (when arranged for a mean area) ; for if we suppose the rectan- 
gular prismoid (Fig. 2) cut in half by a plane through the diagonals 
of its end areas, FB, etc., so as to convert it into two triangular pris- 
maids (each with one right angle), the Hights X Widths from the 
right angle would give double the triangular area of each end, while 
their sums, multiplied together, would equal 8 times the triangular 
mid-section, the divisor becoming 6 X 2 = 12. 

• It nould eridently be n much better notatioQ for earthwork to adopt I imtead of h, 
lieciiuse the greateat extent of an earthwork solid uauaHy lays along the ground {leiig'k- 
mae); bat Simpson and Hntton, the fathers of these formnlaj, have both used i— tbcj 
dealing generaJIj with prismoida ot small dimensions, supposed to stand erect upon a 
baas (as in Mgi. I and 3), and have been followed by most writers, and necessarily for 
the most part also lurre; thoHgb we have oocasiori(flty used ( (to avaid confusion), and 
this must be taken as correllatire with the h o( Simpson and Hutton, in the eases in 
wbich it has been employed; but some eare will be needed to avoid confounding the h 
iiidici.ting the length of the prismoid, with the aamo letter oflen used as ft symbol for 
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How, as shown in Art. 8, 3,, it is an equivalent process to imagine 
the triangular section, partially revolved, so as to bring tlie edge of 
the diedral angle dovmwards, and to cause its hUedor (the centre line) 
to become the perpendicular hight (h) of the cross-section, while the 
extreme breadth to ground edges of side-slopes, horizon ta!!y, becomes 
the width (vi) — then, by Art. 8,* we have A X '"' = double area of 
triangular section to interseetton of side-slopes. 

This is the position occupied by the triangular areas of the cross- 
sections of the solids forming the earthworks of railroads, the centre 
line being the bisector, or hight (h), and the sum of the distances out, 
to the ground edges of the side-slopes of an equivalent triangle, being 
the midth (m). 

The equivalent triangle is often formed by means of an equalizing 
line, drawn (for convenience) through the lowest side-hight of the 
cross-section, so as to form a figure of only three sides, exactly eguiva- 
lent in area to the cross-section of earthwork, which is nearly always 
more or less irregular on the top, and frequently has numerous sides 
for its ground line ; — the side-slopes, however, rematuing generally 
uniform and even, from station to station (see Fig. 14). 

The equation for Eights and Widths may oflen take another form 
(already mentioned in Art. Q\vihich,ai Umea,wiU be found coniienieni. 

lh= Hight at one end, 
J ft' = " " other end. 
- Width at one end. 
" " other end. 
1 1 = Length of mass, usually t 
denoted by (k) 
100, generally. 

u + K w' + 



• In anj a, however situated: — If one angle coincides with the int«rae 
origin,) ot two rectangular axes (sucll as a Meridian, and an East and West line, ■ 
line, and base of levels), and the eo-ordinates of the other angles are known (as 
Lst and Dep., or level hights and diEtonoea out) ; then, the nna of any such a 
found. 

Xhu?, calling the first angle 0, and (he otberE in succeEEion I and 2. 

{L»l.oflXDep.of2)-(LBt.of2XDep.ofl) . 
We hace, -_ £ --1 — _ £ = Area of i. requi 
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This formula may be briefly called (from a leading feature in the 
process), the direct and cross muUiplieation of HighU and Widths, which 

may be represented as below ; and then, ( X ^), or one-sixth the whole 
being taken = Solidity. 

v"" - J '"■' " 

/\ ~ \ hvf -\- h' w I 

h' X r' ■ " ' * 

x/ = 

For example, take Figs. 72 and 73 (dimensioned as marked). 

1. By Direct and Cross MuUiplieation oj Highis and Widths. 

jj-Jftw =23-4x47 . . . . = 1100 Double area 
\ AW = 27-6 X 55-5. . . .-=1532 " 
and 

Cross Multi- <hv/= 23-4 X 55-5 = 1299 1 
plication. \h'w = 27-6 X 47 =1297 j 
2 )2596 

1298 =J_298 ■( tive product 

(h= + 23'4 1 6 )3930 (for mid-sec. 

Let} ^' ^ 1 27-6 f r Including the 

1 w" = 55-5 I Prism. Mean Area = 655 < grade trian. 

I. of 100 area. 

2. Proof by Simpson's Formula (modified for triangles), 

nigbti. widths. 

23-4 X 47 = 1100 

27-6 X 55'5 = 1532 

61 X 102-5 = 5228 

12 )7860 

Prism. Mean Area ^ 655 as above, including I 

id 8 triangle. / 

Then, the mean area X length = 100 feet between sections = 
= 65,500 cubic feet. 
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2L Examples of the Application of Simpson' n JRule fo EartJmorlca. 

In further illustration of this subject, suppose Figs. 72, 73, 74, and 
75, to be cross-sections upon a railroad iine, in stations of 100 feet, 
apart sections, witii road-bed of 20, 'side slopes 1 to 1, and otiier data 
as dimensioned upon the figures given ; with equalizing lines properly 
drawn, reducing them to equivalent triangles, and with centre hights 
correctly ascertained. 

Then, to find the End Areas to Intersection of Slopes, 



niKlits. Wiaiha. Sq, Fl, \ 

i^y. 72=23-4 X 47 =110o] 

73 = 27-6 X 55-5 = 1532 \ 

74 = 28-8 X59-9=> 1725 

75 = 27-25 X 54-6 = 1488 I 



Double Areas 
Whole numbers. 



Or, they may be computed, as is usual with engineers, by means 
of trapezoids and triangles, aa they have been, indeed, in this case for 
the purpose of verification, a,iid found to agree in whole numbers; 
there being, as usual, small differences in the decimal places. 

When the ground surface is irregular, as shown in these cross-sec- 
tions, the successive processes are as follows: 

1. Find the equalizing line by Art. 8. 

2. Ascertain the centre bight from intersection of slopes to 
equalizing line. 

3. Find the extreme width, or sum of distances out, to the 
edges of tops of slopes, where they cut the equalizing line. 

4. Find the double areas of the cross-sections, by multiplying 
together the hights and widths, or A X w- 

5. Find 8 times the mid-section, by means of sum of Hights X 



6. Tlien, for Solidity, proceed prirnioidally, by Simpson's For- 
mula as modified, for triangular solids. 



The areas of the cross-sections having been duly ver; 
to the calculation of some examples, asfollows: 
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Fiffs. 72 and 73. 

/ Htglitt. Wiiiihi. 

j 23-4 X 47 =1100 = Douljle Area of top. 
\ 27'6x 55-5 -1532 = " " base. 

I ol X 102-5 = 5228 = 8 times mid-seetioii. 
{ 12 )7860 

I 655 = Prismoidal Mean Area. 

I 100 Distance apart sections. 

\ 65500 = SolidUy in Cubic Feet. 

Fige. 73 and 74. 

( 27-6 X 55-5 = 1532 = 2 (. 
8-8 X 59-9 = 1725 =2 6. 
56-4 X 115-4 = 6509 = 8 m. 
12)9766 

814 = Prismoidal Meao. 

100 
81400 = Solidity. 

J. 74 and 75. 

UighH. WMthB. 

[ 28-8 X 59-9 = 1725 = 2 (. 
\ 27-25 X 54-6 = 1488 =2 6. 
) 56-05 X 114-5""=_6418 = 8 m. 
12 )9HH1 

803 = Prismoidal Mean. 

100 
80300 = Solidity. 
Cnb. Ft. ^ Grade Prism to be deducted, 
8^400 r ^ ^"^ ^^^ volume, from road- 
80300 J bed to ground. 
227200 = >S«)n of quantities. 

(Then, 227,200 — 30,000 = -g^— = "^^^"^ CHi^'*^ Yards. 

Tabulated by our 3d Method of Computation (Roots and Squares), 
the sum of the quantities, from Fl;^. 72 to Fig. 75 = 227,170 Cubic 
Feet (including Grade Prism) ; the slight difference of 30 Cubic Feet 
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arising from neglect of decimals on both sides ; — had these been car- 
ried further, the results would probably have been identical, or very 
nearly so. 

AVe may also verify this calculation hy means of multipliers, 
modelled after Simpson's, and applied to the areas, as given in the 
examples, as follows: 

Cross-sections figured la Sos. 72, 73, 74, and 75, stations 100 feet. 



72 


1100 X 0-5 


= 


550 




8 times mid-sec 


. 5228 X 0-5 


=: 


2615 




73 


1532 X 1 


= 


1532 




8 times mid^ec. 6509 X 0'5 


= 


3255 


1 


74 


1725 X 1 


= 


1725 




8 times mid-sec 


. 6418 X 0-5 


= 


3209 




75 


1488 X 0-5 


= 


744 








6)13630 










2272 










100 


Double Interval. 


SoMUy, h 


a Cubic Feet 


= 


227,200, 


same as before. , 



The intervals are subdivided hy the mid-sections into 50 feet 
spaces, or single interval. The regular stations of 100 feet forming a 
double interval in this case. 

The Grade Prism being deducted (30,000 Cubic Feet), and the 
remainder divided by 27, we have as before, a volume of 7304 Cubia 
Yards. 

22. Observaiiotis upon Simpson's Rule. SlMPSOS appears to have 
framed his rule for application to rectangular prismoids, and as such 
he demonstrated it in reference to a diagram like Fig. 2, Art. 2 — 
including of course those right triangles which are the halves of 
rectangles. 

He could have had no conception of the vast masses of earthwork 
needed upon the public works of later days ; nor of providing a rule 
for the mensuration of such ; nor, indeed, of the immense range the 
Priamoida! Formula has since taken. 

His rule (see Art. 2), though wonderfully flexible when applied to 
rectangular or triangular figures, has no leading lines, common with 
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irregular ground ; such surfaces then require to be equalised, by a 
single liue on the principle of Fi^. 14 * — converting the sections 
bounded by them into equivalent triangles before they can he com- 
puted by the Hights and Widtlis of Simpson's Rule, though we find 
occasionally that trapezium sections also, when not very much dis- 
torted, are often computable bj the rule mentioned. 

But, in applying such a rule to the rude masses of earthwork, so 
common at the present day, failing cases were to be expected, and the 
peculiar solid shown in Fig^a. 81 and 82 furnishes an example in point. 

Figs. 81 and 82, Chap. V., computed by Simpson's Svle. 

H%lil9. Wiaihs. 

60 X 40 = 2400 

go X 60 = 1800 \ But, by. various 

90 X 100 = 9000 [ examples, ia Arts 

12)13200 ) 29 and 30, Chap. 

) Prism. Mean Area = 1100 [ V., the Solidity ■■ 

I Common length . = 100 \ 130,000 Cubic Feet. 

\Solidiiy . . . . = 110,000 Cubic Feet. 

So that, in the case of this peculiar solid. Figs. 81 and 82, Simp- 
em'a Rule falls short = 20,000 Cubic Feet. 

As the solid referred to has one end section a Mhomboid — the mid- 
section a Pentagon — and the other end a Triangle. 

"We could hardly expect Simpson's Eule, framed for rectangular and 
triangular sections, to answer in a case like this, and hence we men- 
tion it especially. 

For all the solids which present sections, such as Simpson con- 
templated, his rule is unquestionably correct, while it is remarkably 
plain and simple in its application. 

Further to illustrate what may be expected from Simpson's Eule, 
when applied by equalizing lines to rough and heavy sections, we will 
now compute the cases shown by Figs. 43 and 44, Chapter I. 

Example, Ilhtstrated by Fig. 43, Chapter I. 
Sidfr^lopes 1 to 1. No road-bed designated. Proadmate Compukh 
(tore, by Simpson's Rule, to intersection of slopes; other din 
in Fig. 43. 

Equalizing line of base = 6 = 14° 2' asc. 
" " top = ( = 15° 51' asc. 

■ lu .uS./Mep, Ibia melhod is found in Hudon's Limd Survejing (17til),qua 
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it!i these lines being di-awii from the lowest side-higlit, so a 
'ize the ai'eaa, as per Fig. 14, Chapter I. 

llighla. lVi,i!h1. 

= 37-5 X 80 = 3000 
= 25-7 X 56 = 1440 



Areas ^ 720 = t. 

I Length, 100 feet. 



63-2 X 136 = • 8595-2 

12 ) 13Q35'2 

Prism Mean Area = 1086'3 

Length . . . . = IOC 

Solidity . . . . = 108630 
Same, by HuTTOU = 108667 
Difference . . . = —37 
Example, Illustrated by Fig. 44, Chapter I. 
e li to 1. No road-bed designated. Proximate Computa- 
tvm, by Simpson's Rule, to intersection of slopes, other dimensions as 
in Mg. 44. 

il 352 = b. I Equalizing line of the base 4 = 4" 30' asc. 
726 = t. \ " " " top t = r 5' des. 

Length, 100 ft. I Both these lines being drawn from the 
( lowest side-hight, so as to equalize the areas, 
\as per Fig. 14, Chapter L 

22-02 X 66 = 1453 

29'81 X 90-7 = 2704 

51-83 X 156-7 = 8122 

12 ) 12279 

1 Prismoidal Mean Area = 1023-25 

j Length = 100 

f Solidity = 102325 ~ 

By Wedge and Pyramid = 102363 

\ Difference = — 38 

With several other methods, this proximate calculation agrees within 
a few cubic yards. 



Example fro-n 
A heavy embankment. 



Warner's Earthwork, Ait. 86. 
For details, see Chapter V., near the close. 
2411 = b. 
907 = t. 
Length, 100 feet. 
Surface slope, 15°. 
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36-7 X 131-4 = 4822 

22-5 X 80-6 = 1814 

59-2 X 212-0 = 1255Q 

12 )1918 6 

1 Prismoidal Mean "Area . . = 1599 

' Length = 100 

\ Solidity = 15990 Cubic Feet. 

1 For Cubic Yards -h 27 . .= "^^22 
' Deduct vol. of Grade Prism = 356 

Solidity = 6566 Cubic Yards. 

By Hutton'a Rule ....=. 5566 
\ Difference = +0 

In calculating by Simpson's Mule, the example figured by Figs. 74 
and 75 — which agrees very nearly with Huttos— we observe, by 
reference to tlie figures, that the ground slope at the end sections 
differs about 9°. So that we may safely assume that where the 
equalising lines (representing the ground) have a nearly sirailar 
slope, and in the same direction, which do not differ more than 10° in 
their inclination, Simpson's Mule may be safely used — this appears to 
he a sure limit, and we might perhaps go higher. 

When the work happens to be upon uniform ground, or the equal- 
izing lines have the same slope, as in the case cited from Warner's 
Earthwork, where the ground slope itself is uniform at 15", the 
results obtained by Simpson's Mule ought to be exact, and they appear 
to be so. 
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THIED METHOD OF COMPUTATION, BY MEANS OF EOOTS AND SQUARES ; 
A PECOLIAK MODIFICATIOS OF THE PEISMOIDAL FOKMULA, ■WHICH 
WILL BE FOUND IK PRACTICE TO BE BOTH EXFEDITIOUS ADD 
COBRECr, IN OKDINAEY CASES. 

23 This method of computation, by Eoota and Squares,* 

appears to be the most rapid and compendious one treated by us, 
while it requires less data and preliminary work, and agrees in its 
results (for usual field work) with computations made direct by the 
Prismoidal Formula, of whicli, indeed, it u only a speeuil modijkaiion, 
more concise and rapid in use, but at Ihe same time less axxuraie. 
The formula for the Rule of Roots and Squares has been already 
I the Preliminary Problems, Art 10, where it is itum- 



dXL, 



*- + '.- + (^T 



6- X'-**- 

Where, 

A' = Representative squire of area of top, 

trom ground to mteraection of slopes = (() 
h" = Represeutative squire of area of base, 

fioin ground to intersection of slopes = (6) 

(h -\- h'y = Eepiesentitivesquireof 4 times mid sec ^ (4m). 
I = Distince apart sectiot s — usually desig- 
nited as (Jt) by the earlier writers, 
and hence continued by us to some 
extent , though I is clea,rlj a more 
suitable symbol for earthwork, \;hi(.h, 
with a comparati\ely small cross sec- 
tion, extends its length along the 
ground. 

• This metliod ia maletially aided in Ha use by a good Tuble of Squares and Ronta— 
Prof. Db Morgan's Etereotjped edition of Barlow's Tables (8vo, London, 1860) is 
believed to be Ike beil : — a very large edition was publiabed, and tbis raluable work cao 
be obtained from an; of onr imparting booksellers al qnile a lovr price. 

■When the rambers are Urge, the well known method of Logarithms giies the simpleil 
prooese for Ima/ulioa or Ei-aluHim. 
108 
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Note. — That the higlita of the end sections in this chapter are 
always to be considered as extending from the ground to interaection 
of slopes, or be representative of such. 

The moat important item in this notation ia (ft + A')', which, by 



is the representative in the mid-section of a line similar to h and h'. 

So that this formula (for a single station) is, in fact, t 
ike Prwnoidal Formula, as hereti 
i + 6+ ■ 



6 



- X ft = S, 



but for exact work (our formula above) rec[uires the end sections to 
be triangles, with a uniform ground slope. 

Ijet ua now apply the above formula to an entire cut or bank, to 
be computed by Hutton's Eule (adopted from Simpson) — see Art. 10, 
Formula IX. 

"Where ^— ■ X Double interval = S. 

Here, for a case of 6 dngle or 3 dottle intervals, aa shown — in the 
^eleton table — below. 

We have, for 3 double intervals or even spaces between stations of 



/ h' + h" . . . = A. The sum of extreme sections, each desig- 
nating one end. 

3 (ft 4- h'y . . = 4 B. Mid-sections, standing on even numbers. 
\ 2 (h'y + 2 {hy = 2 C, Regular Cross-sections, standing on odd 



Double Interval = Any one of the uniform spaces, from 1 to 3, or 
3 to 5, etc., being the odd numbers where the regular cross-sec- 
tions stand. 

5 = Solidity of entire cut of 3 eijutd flations in length. 

Example 1 Being a simple case (on irregular ground) of 

three uniform stations, or double intervals, of 100 leet eich, the mid- 
sections falling in between, and dividing the length of 300 feet into 
dngle internals of 50 feet each ; for whith we will tabulate tbe ex'tm- 
ple represented by Figs. 72, 73, 74, and 75, of Chapter III.— mi o 
tkelefon table — as follows: 
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ST4TE1IENT9, 


] 


(*+''')' 


-^ 


C'+^'l' 


^ 


i>^ 


i 


Hfleular stations design 
thenumbBraofthefign 


ted by 


72 




n 




T4 




75 


PlaOHS of mid-eections, 
numbers. 


on.v™ 




2 




i 




6 




Regular croas-eection ureas, upon 
tbe odd numbers. 


fi50- 




f66- 




862-5 




744- 


Square roets of areas of 
cross-sections. 


regular 


23-45 




S7-68 




29-37 




27-38 


Sums of square roola. 




SMS 




37-05 




61165 




• Squares of Sams, or i times tbe 
proper mid-seotion. 




2615- 




3255- 




321)9- 










"H" 













Having given the skeleton table of data, we will now tabulate for 
solidity on three different plane, any one of which may be adopted, oi 
in fact any other which truly represents the formula given. 

Tahulaiionfor Solidify. 





10,iuCli!i[>- 


Bi SimpBOIi'e Rule 


BsgiTea 


bj 


By 


Multljillers, ino 


elled after 




































4niW*fo. . 


^W 


?« s^ 


m 








^r? 


ts. Resnltl 


4tul«-sec. . 


^fm-b 




«^ 








2016 X 
168 X 


- 1W2 


...... 


6)i3«icr 


611SS30 










saw X 


-.Z 




















Dochle Interval. 


.^ 100 




nonbiB 


ul. 










SnlUity [n C. re 


t — 'ea 170 




m C. Fe 


I. 


»0 


uble 


utetral . 


^ IM 


Wbole length of 


cut SOO feet. 


Wbole leislh of 


utaooft 




SslM«y 


In C. Fee 


= 227470 












' 


hole 


eoglhot™ 


1 300 teet. 



24, Now, for further illustration :— Take any cut or bank — «ay of 
6 (or any even number of) equal stations — their termini being t«m- 

that of half the lino;— and thnt similar triangles are to each other nit o«h/ as the squares 
of Ibeirlike sides, hat also at Ihe squares nf any similar linei; and these principles of 
(Jeometrj lay at the foundation of the method of compulation, developed in this Chap- 
ter IV. (aa already indloated in the Preliminary Problems). 
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Ill 



porarily numbered in the series of odd numbers, while the interme- 
diate spaces (or places of mid-sections) are also temporarily nunibered 
in the series of even numbers, and the places of cross-sections and mid- 
sections, as well as those of the symbols used in the formula, all 
regularly marked, as follows: 























o 




G 












!■) 






















Bjinl»mtrbraiuli 


h' (h+h 






"+'•'. 




*+A'. 




h-'lih+h'f 





This little skeleton table shows the positions of the representative 
squares equivalent to the areas of the several regular cross-sections 
computed, and also of 4 times the proper mid-sections, which belong 
between them, and it will iodieate the manner in which they are 
combined relatively to the odd numbers, which represent the regular 
stations; so that having computed the regular cross-sections, we can 
readily assemble them in a skeleton table, compute from them by 
Roots and Squares the other data demanded by the formula, and 
proceed to tabulate for Solidity, as has been already shown, and will 
be more conspicuously exhibited hereafter. 

Upon the foregoing principles we will now proceed with an entire 
piece of heavy embankment, succeeded by a rock cut, as shown in 
the annexed, Fig. 76. 



Example 2. . . . Bank = 1000 feet long. . . . Fiff. 76. 
Skeleton Table of Data, Given or Computed, 



■:}-•■ 



ir F'^i. TT and TS, illustrating a sapposed basis of the Prismoii 
neiion with Simpson's Eu!e for Oulwture (?ee Chap. VII.). 
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CHAP. IT— THIRD METH. COMP.— ART. 24. 



By 100 ffel slationi, > 



. Bj MultiplLei 



imi71> 
39 5S 
6252 
238* 



6)SHM3 
.lopes ~T4874~ 



en-roean area to int.«f slopes = 1*S;4 

IDO 
,lldil!/ Ill c./i.(o i.i(.o/.!!)p« = 14874110 of 



Example 2 — Continued. Rock Cut ^ 1000 feet long. . . Fig. 76. 
Skeleton Table of Daia, Given or Computed. 
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Tabulations for Solidity : 



or W/eet intrmOi. 

Z. By MullipHera, rnDdetled after Si 



.= 2703 
.= 1173 
.= 25S5 



25. In the preceding example, the side-slopes of the Bank are IJ 
to 1 — road-bed = 12 ; while in the Eock Cut, the side-slopes are J 
to 1 — road-bed = 16 ; and in all these calculations (we repeat), the 
sectional areas, in every case, are taken from ground line to intersection 
of side-slopes ; and the Mghts, from the vertex of the common angle 
thus formed to the line, or lines, representing the surface of the ground. 
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So that in all such computations — if the contents above or below 
a given road-bed be desired in the results, then the volume of the 
grade prism (being included in the summation) must in every case 
he duly dedueted. 

The volume of the grade prism depends upon its sectional area, 
and the length of the bank or cut^these calculations are very simple, 
and once maiJe, remain unchanged as long as the road-bed and side- 
slopea continue uniform. 

Geometers having shown that the areas of simiiar triangles are to 
each other, not only as the squares of lite sides, but also as the 
squares of any similar lines in each, and these often occurring in 
earthwork solids, when their cross-sections are converted into trian- 
gular areas, by the prolongation (to a junction) of the side-slopes, it 
becomes of importance to ehssify the relations existing among lines 
and their squares, as well as the squares and rectangles of their sums 
and differences ; — this has been well done in J. E. Young's Geometry 
(London, 1827), in several successive propositions : — Book II., 4, 5, 
6, 7, and 8. 

Now, suppose any line to be divided into two parts, k and // — then, 
by these propositions^ we have: 

1. (h + h'y = i{h + h')x P^). 

2. {h + A')' = h^ + A" + 2 A K. 

3. {h — Kf = A' + K' ~2h.k'. 

4. h' — A'* = (A + //) X (A — A'). 

5. A' + h"' = i ih + h'y -f i (A — A')'. 

6. 2 (A' + h") = {h + h'y + ih — h'y. 

As these lines, or parts of lines, may, and often do, occupy in simi- 
lar triangles the relation of like lines, they become of some conse- 
quence in earthwork calculations, and in various forms can be 
traced through many of the formulas now before the public, 

A¥e will now give an example from Warner's Earthwork (Ari. 
124), to show that small variances may be expected in employing the 
Eule of this Chapter upon irregular ground :— indeed, it is only in 
uniform sections that an exact agreement of Rules can be antici- 
pated, but the variations (always small) are not unlikely to balance 
themselves in computing considerable lengths of line. 
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MEASUREMENT 07 EARTHWOREa 
846-5 . . 



f End areaa to grade . 
J Grade Triangle to add 
{_ End areas to int. of slopes , . = 1042-O 

Square Roots = 32-29 

Suras of Roots. . . 
{ Square of sum, or 
|_ quadruple mid-section 
\ Length, 100 feet 

Thai, PrigmmdaUy, 

Sum end areas = 2154 

Quadruple Mid-section .... = 4308 
6)6462 
T077 

Length = 100 

107700 

Off Grade Prism = 19600 

27)88100^ 
a Cubic Yards . . . . = 3263 



. = 1111-5 
. = 33-34 \ 
65-63 



As computed by "Warner (3274, C. Y.) ;' and also by Hutton'a 
General Rule (3274, C. Y,), the difference made by our Rule of this 
Chapter is, 11 Cubic Yards, or about i of oneper cent. 

Comparison of the method of this Chapter with the test examples 
of Chapter II., as eompiited hy Hutton's General Rule (each for 100 
feet in length). 

1. Three-level Ground. 
(See Fiffs. 53, 54, and 55.) o, T»rd,. 

Computed by Roots and Squares (method of this Chapter) =« 2337-6 
" " Hutton's General Rule (Chapter II.) . . . = 2339.6 
Difference = — 2 

2. Five-level Ground. 
(See Figs. 56, 57, and 58.) c. Yards. 

Computed by Roots and Squares (this Chapter) . , , . = lOGl'l 
" " Hutton's General Rule (Chapter II.) . . . = 1061-1 
Difference = 
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3. Seven-level Ground. c. Yanji 
Computed by Roots and Squares (this Chapter) . . . . = 1990' 

" " Button's General Eule (Chapter II.) . . . = 1989-6 
Difference = 4- 0'4 

4. Nine-leuel Ground. 0. riini>. 
Computed by Roots and Squares (tbia Chapter) . . . . = 2562-9 

" Button's General Rule {Chapter II.) . . . = 2562-9 
Differen<>e = ~0 

We will now give another example from Warner's Earthwork, 
computed by the m.ethod of this chapter. 

Heavy Embankment (Art. 86). 

Areas = 2411 907 

^/RS3ti" . . . . = 49-10 30-12 

Sums of Roots = 79-22 

Square of sum, ") 
or quadruple V .... = 6276 
luid-seclion. } 
Then, Primmdally, 

iSum of ends . . . = 3318 
Quadruple Mid-sec. = 6276 
6 )9594 
X length . . . . = 159900 
-7- 27 for C. Yards = 5566 = Same as Huttons Gen. Rule. 

From tlie above it will be observed that, with a Table of Powers 
and Roots at hand, the method of fhia chapter affords a very convenient 
and speedy test for volumes, found by other processes, and it is a proxi- 
mately correct one. 
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CHAPTER V. 

J METHOD OF COMPUTATION, BY KEGAKDING THE PEISMOID A9 
BEING COMPOSED OP A PRISM WITH A WEDGE SUPEKPOSED, OR OP A 
WEDGE AND PYRAMID COMBINED. 

26 Sir John Macneill (1833) hath shown that a Prismoid 

of Earthwork is really a prism with a wedge superposed (as we have 
already mentioned in Art. 4) — that the wedge ia also divisible into 
two pyramids^ — and that the formulas for volume, in these three 
chief bodies of solid geometry, form, by addition, the Prwmoidal 
Formula. 

Regarding the Prismoid in this way, and assuming it to have been 
diagrammed as shown in Fig. 8, Art. 6 (both end sections upon one 
drawing), it is easily computable when reduced to a. level on the top, 
and the back of the wedge is a trapezoid, by means of Formula VL, 
Art. e. 

This Fm-mukt is : 
(S + b + bVA(.-H.-K) _j_ ^^^, ^ _ ^^^^ Triangle) X t = Solidity. 
to road-bed, and omitting G. T, to intersection of slopes. 
Where, 
/ E = Top-width of back, or larger parallel side of trapezoid, 

measured horizontally, 
= Bottom-width of back, or lesser side of trapezoid, equal 
also to tbe edge, which is the horizontal top-width 
of smaller end section, at a distance forward = to 
the common length of wedge and prism. 
\ H and A = Vertical hights of the end sections to intersection of 

slopes. 
f H — h = Hight of back of wedge. 

= Ratio of side-slopes to unity, or cot. of slope angle. 
= Area of prism to intersection of slopes, and less Grade 
Triangle = area of section from ground to road-bed. 
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In calculating fay this Formula we may omit the Grade Triangle 
if we choose (though we should have to supply a more complicated 
expression for A' r), and might, perhaps, somewhat simplify the com- 
putation thereby ; but if used in area, we must be careful to account 
tiir it in volume; while the hights need only be extended from ground 
to road-bed ; though as their difference only is used here, that is not 
material — and altogether vie would gain so little by the change as to 
make it unadvisable. 

la words, this Formula ~| 
may be expressed a-i Jot- V {Mean Area Wedge -J- Mean Area of 
lows : ) Frirni) X Common Length ^= SolidUg, 

of the Prismoid, to intersection of slopes, 
and ntmwa G. T. to Eoad-bed. 

Inasmuch, however, as a trapezoid is always reducible to an eqtiiivh 
lent rectangle, we may consider this matter of the superposed wedge 
in a more general manner, without the necessity of firet reducing the 
trapezoi<la!, or triangular, cross-section to a level on the top, or 
slope of 0°. 

Before entering upon this branch of the subject we may, however, 
state that tlie reason why, in a wedge with a trapezoidal back, we 
sum up all the three parallel sides of back and edge X by bight of 
back -i- by 6, and finally multiply by length for volmne — is drawn 
from the common rule for a wedge— (Twice width of back -|- edge 
X by hight of back -i- by 6, and X by Jength = Volume.) But in a 
wedge with a trapezoidal back — the i sum of top and bottom parallel 
sides X 2 ^= simply the mm of those parallel sides ; and, as in an 
earthwork solid, the lesser parallel side also {generally) equals the 
edge, that being the top line of the smaller end section, situated at a 
distance of the length forward. Hence, B + 6 -j- i is usually equiva- 
lent to -~- X 2.+ (b the length of the edgq)— which will be found 



a a term in Hutton's Rule for wedges (4to Mens., 1770) ; 
but more concisely expressed-in Chauvenet's Theorem. 

Referemes to Fig. 79.* 
ad ^= End view of the back of a rectangular wedge. 
af = Equivalent parallelogram, of which a y is the base. 
and aD the altitude. 
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o D ^^ Horizontal projection (70'71), i 

a I ^ Horizontal projection (35"36), < 

aegh:= Tlie initial square of 50 squai 

.,.,,, 707 

tamed in the back ;= -— — - 

AB J Vertical and horizontal 
C D I rectiinguliir axes. 



width of* 6 (the back), 
width of a h (the edge) 
reet area, which is con- 



F>* 79. 


s 


Sqijt V' g 




aedb _ JJacktff Wetige _ anea=707. / '^ 


< 


a|fb _ EqmviP&raU: _ tto. -707. / / 




aegk = Initial Square _ do. ,= 50. / / 




^;f)-=E,^^. / / 




ao .— Hi3r:pr0j:qfl)aplc ^/ /^ 




al do: rf|e. / / 




// 




A 7 /f' 


s 




/ / 


i 




/ jM ^■ 












/ 


( / 






°x 




I 




y 


S ■"■°-" «"■-— - °..BLIC.T,^- CO..-.^, .-...t^f LrH,.- 


H 



The triangles, oejf and iAj, are identical, and the one cut off, and 
the other added, make the two parallelograms, ad and af, precisely 
equivalent r= 707 area, for each. 
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= Width of back of rectangular wedge, inclined at an aDgle 

of 45" = 100. 
:; Width of edge, or top of forward, or smaller, section ^ 50. 



Now (as above mentioned), a trapezoid being always reducible to an 
equivalent rectangle, we may consider in this place the superposed 
wedge (with reference to Fig. 79), without the necessity of first equal- 
izing the end cross-sections, by level lines on the top, as will be more 
clearly seen further on. 

However much the back or edge of a rectangular wedge may be 
inclined from a level plane, the resulting volume is still the same by 
using their projections upon the horizontal one of two rectangular 
axes (as C D), instead of the actual widths of back or edge, whilst the 
hight of the back becomes the base of au equivalent parallelogram, 
of which the projection is tlie altitude ; — this will become evident by 
reference to Fig. 79. 

For example, let us now compute the wedge shown in the figure: 
1st, As though it were upon a level, and the back a rectangle. 2d, 
As an oblique parallelogram on the back, and inclined at 45" from a 
level line. . 

1. Rectangular back — supposed to be level. Length of wedge = 
100. Breadth of back = 100. Edge = 50. Hight of back = 
7071. 



Sere we have .*— Sum of the 3 parallel sides of edge and hack -r- 3. 
= Back. 



'''^ I -Back f ^'"^^ -Altitude. 

100 ; — ■^''^''- 100 = Length. 

50 = Edge. Bight Section J 2)707-100 

3)250 

83J =; Average multiplier . 

Vohme = 29,463 ^ C. Feet 



353-55 



Computed after Chauvenet's Theorem (Geom., VII. 22). 
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2. Oblique-angled Parallelogram for Baek, and incliaeiJ 45°. Length 
of wedge = 100. Hight of back = 10. Horizontal projectloa of 
back ^ 70'71. Horizontal projection of edge ^^ 35-36. 

Sum of the 3 parallel sides or edges 




= Back. 

^= Edge. Right Section 



10 ^ Aitituile. 

100 = Length. 

2 )1000 
500 
Average multiplier . = 58-927 
Volume = 29,463 

It is evident, from a consideration of the above case of a rectan- 
gular wedge, whether level or inclined, that the same process would 
apply to the trapezoidal wedge (usual in earthworks), either by its 
reduction to an equivalent rectangular one, or (when diagrammed 
together) by projecting both sides of the back, and also the edge, 
upon the horizontal axis, and ascertaining the respective lengths of 
these three projections, to be used in the computation of volume, by 
Chauvenet'a Theorem,* instead of their adualmeamred lengths, — tliis is 
in fact the method of the engineer, who usually disregards the incli- 
nation of the ground, and takes al! his measures horizontally and 
vertically. 

The highi of the back of the inclined wedge being in the case 
above, ascertained by dividing the known area of the buck of the 
rectangular wedge, by the Arithmetical Mean of the horizontal pro- 
jections of its top and bottom breadths; — both equal in the above 
rectangular back, but always unequal in a trapezoidal one. 

With these preliminary observations, we will now give the rule 
for finding the volume of the superposed wedge in ordinary earth- 
works, with examples to show how, by the simple addition of the 
under-prism, the solidity of the entire earthwork, between any two 
cross-sections of given area, and distance apart, is eadly ascertained, in 
aJl cases, within a limit hereafter discussed (Jri. 29)- 

OT JRvles for Computation by Wedge and Prt^n. The data 

required to be given will be as follows: 

• ChaureHBl'a Qeom., VIL_22 (Philada,, ISH). 
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1. Areas of end cross-sections. 

2. Distance apart, or common length of wedge and prism. 

3. Sum of distances out, to ground edges of side-slopes,— whicli 
are, in fact, the projections or horizontal widths of back and 
edge, as well as the right and left distances of the field engineer. 

The first is obtained by well-known processes, and the two latter 
are always supplied by the Field Book of the engineer. 

Then, as preliminary steps: (1) Find the difference of the areas 
of the end cross-sections, whieh difference is the area of the hack of the 
superposed wedge. (2) Divide this difference of area by half the 
sum of the widths of the back (or horizontal projections^, which gives 
the vertical mean hight of the back. Now, the lower side of the 
back (when both sections are diagrammed together) equals the edge 
(or top-width of the smaller end section) supposeiJ to be forward, at 
a distance equal to the common length. So that if B = top-width of 
larger end section, — - b will equal its bottom width {and also that of 
the edge) — so that B + 6 + 6, for the wedge-shaped jiart, would give 
the sum. of the three parallel edges (or, in reality, their horizontal 
projections) to be divided by %,J<yr-use in Chauvenel'g Theorem. 

KtJLE. — When the width of the large end w equal to or greater than 
that of the small one. 

1. Vertical mean hight X distance apart sections 

■ 2 ■ ^ 

Sum of the three parallel edges ^,. , , „ , -m . 
— — - .-£ s_ ^: Volume of i)upe'tj)osea Wedge. 

2. Smaller end area X length (or distance apart sections) ^ Yol- 
vme of Prism. 

These two results, added together ^= Solidity of the whole Prismoid, 

a Prior to giving examples in illustration of our rule, it 

appears necessary in this place to make some explanations to show 
the generality of the application of the rule drawn from Chauvenet's 
Theorem (Geom,, VII. 22) /or the volume of wedges. 

Wedges are always formed by the truncation of triangular prisms, 
which may. be termed their elementary body; and are usually desig- 
nated by the outlines of their backs — as Rectangular, Triangular, 
Trapezoidal, etc. — Thelnitial ITei^ye may be assumed to haveaagware 
back; by successive transformations of which, several varieties are 
easily formed. 
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(1) Let the back of ii reetiui- 
gular wedge {or the initial wedge) 
be a square, on a side of 6, edge 
12, length 20— Then, the right 
Bectiou = (6 X 20) -5- 2 ^ 60 — 
One-third of the sum of the kt- 
erai edges = (6 + 6 + 12) h- 
3=8; and- 60 X 8 = 480 = 
Yolume of tlie Square Wedge. 

(2) Now, suppose the edge of 
(1) to be contracted to a point; 
tben, the wedge becomes a pyra- 
mid, for which case the rule also 
holds; — thiis, right section ^= 

60 J sum of edges ^ (6 + 6 -f 0) -4- 3 = 4 ; and 60 

X 4 = 240 = Volume. 

Proof: By the common rule for pyramids, we have, base (6 
X 6) H- 3 = 12 ; and X by altitude 20 = 240 = Volume, the 
same as before. 

(3) Suppose the back of the 
square wedge (1) to be con- 
verted into an isosceles triangle, 
on a base of 6, and bight of 6 — 
other dimensions as in (1)— 

then right section ^=60 

i sum of edges= (6 + + 12) 
-^ 3 = 6 ; and 60 X 6 = 360 



Proof; Now, the inscription of the isosceles triangle, wiVim the 
square back, evidently cute off two pyi'amida, of which the volume 
of each =(3x6)-i-2 = 9-^3x20 length X 2 in number 
= 120 Volmne, of ])yramids cut away from the square wedge (1) ; 
—then, 480 — 120 = S60 = Volume, the same as before. 

(4) Now, suppose (1) and (2) 
to be placed in contact gidewise, 
then they form together a rect- 
angular wedge, back, 12 by 6; 
edge, 12; length, 20: — right sec- 
tion :^ 60 i sum of edges 

= (12+ 12 + 12)^3^12; 
and 60 X 12 = 720 = Volume. 
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Proof: By two Pyramids = (72 ^ 3 X 20 = 480) + (60 -J- 
3 X 12 = 240) = 720, the same Volume; or, by addition of (1) 
and (2) = 480 + 240 = 720, Volume as before. 



(5) Suppose now the vertical 
sides of the square back of (1) to 
close in gradually until they 
meet and coincide in a sin; 
vertical line ; then the back has 
vanished, and become a vertical 
edge, while the original one 
remains horizontal, dimensioned 
along with the other parts as in (1) — and we have right-section 

60 i sum .of edges = (12 + + 0) -e- 3 = 4 ; and 60 

X 4 = 240 = Volume of this peculiar double-edged wedge; 
which is composed of, or may be decomposed into, two pyramids, 
based on the right-section, as common to both, and each having 
an altitude of half the edge, or 6 (though such equal division of 
edge is not essential) ; hence, we may assume the edge 12 to be 

a double altitude; and i^^- X 12) = 240 = Volume of both— 

the same as before. 





(6) Now, suppose the vertical 
sides of the square (1) to become 
inclined (at any angle that will 
not extinguish the base of the 
back), say at an angle of J to 1 
side-slope, thus reducing the base 
from 6 to 2, then we h ave the right- 
section as before =60 J 

sum of edg^ = (6 -f 2 + 12) 
400 = Volume of Trapezoidal Wedge. 

Proof; In this case two triangular pyi-amids are cut away from 
the original solid, by the sloping sides, having together a base of 
4, and altitude of 6 ; then, (6 X 4) -=- 2 = 12, which -h 3 and 
X 20 common length = 80 Volume cut away — but Volume of 
(1) =s 480 — 80 = residual Volume = 400, as before. 

(7) Now, suppose two sides of the square back of (1) to gradu- 
ally reduce their contained angle, and finally to vanish upon the 



and 60 X I 
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diagonal — then the back be- 
comes a right-angled triangle 
(the side joining the right-angle, 
say perpendicular to the edge), 
and this wedge has too edges (one 
original, and the other m 
formed at the side connecting 
with the acute angle, both being horizontal edges). Then, 

right-section = 60 J sum of edges (6 4- 4- 12) -:- 3 

= 6 ; and 60 X 6 = 360 = Volume. 

Proof: Divided by a plane diagonally through the vertex of 
the triangular back, and opposite corner of the edge, we may 
decompose this wedge into two pyramids — the one with a base 
= the right-section = 60, and altitude =■ the original edge = 
12 ; then, 60 X 12 ^ 3 = Volume = 240 

The other, with ft base equal to the triangular back, or 
(6 X 6) -H 2 = 18, and an altitude = the length = 20 ; 
then, 18 -5- 3 = 6, and X length 20 = Volume . . . = 120 

Total -Volume of both Pyramidg =360 

the same as before. 



(8) A Rhomboid 
computed in a similj 
— thus, let the rhomboidal back 
have a vertical diagonal = 12 ; 
the other = 4; an edge of 12; 
length = 20 ; and the side-slopes 
being i to 1. 

Then, the right-section = 
12 X 20 




= 120. 



-Js: 



of e( 



4 + 12 + 



5*; 



120 X 5i = 640 = Voluvie. 

Now, by cutting off from the rhomboid, near the lower angle, 
any given triangle, we have remaining a Pentagonal Wedge. 

Tlius, suppose we cut off a triangular wedge having the base 

of its back uppermost = 2 ; altitude = 3 ; common length and 

edge = 20 and 12. 

rru : ■ X.. .■ 3 X 20 ^2 + 12 + 

Then its right-section =- '"' 



- = 140 Vol- 



ume, cut off. And 640 — 140 = 500 = the Volume of the residual 
Pentagonal Wedge. 
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(9) Let us now consider a 
Trapezoidal Wedge — dimensioned 
like (8), with side-slopes of i to 
1, forming the top of the 
while its base = 2. 

Let one side-hight = 12 above 
iDtereection of slopes; the other 
= 6; the edge = 12; and the 
length = 20. 




Now, we may compute this wedge iu two parts asfoUows: 

1. As a triangular wedge, above the level of the lowest 
dde-bight. 

{G X 20\ 4 + 12 + 



I X - 



320 



2. As a trapezoidal wedge, between the level 
mentioned and the base of the back. 



Total Volume . 



-- 500 



Or, as in (8), we may compute the body as a Rhomhoidal 
Wedge, and deduct the triangular wedge cut away below the 
base of 2, — as in fact we did in (8), — the resuUing volume being 
500, the same as herein found. 



Finally, we perceive that from (1) the square or initial wedge we may 
easily deduce several varieties of wedges, and might go further. 

After this necessary digression, indicative of the simplicity, gen- 
erality, and value of Chauvenet's Tlieorem, we will now proceed to 
illustrate our own rule (deduced from this theorem), i 
Barthworks, by several examples. 



. Here follows the calculation of some examples. 



Example 1. — Computation by AVedge and Pris 
and Widths, under Simpson's Rule 



r Eights 
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Beferetiees to Fig. 80. 

In this case equal slopea of 1 in 4 form a ridge in the larger end 
section, and a hollow in the lesser one. 
Dimendoned as shown in the iignre a 







= 80 
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intofBlp: 



( Differeneea of areas of end sections ^ 800 

< Widths, or horizontal projections, equal for both sections , = 80 
I Distance apart sections = 100 



End Areas = 
Half sum of widths — 



11 hight of back of wedge. 



10 = Vertical Mean Hight of Back. 
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Then, by ike Rule above, and Chauvenet'a Theorem. 
Sum of 3 parallel sides of edge and back -i- 3. 



3)240 



10 



f Vertical Mean 
( Right of Eiick. 

100 = Common length, 
2)1000 

500 = Area ofright sec. 

. . = 40,000 = Volume of Wedge- 
. . ~ 120,000 = " " Primi. 
. . = leu.OOO Onbio Feet. 



80 ^ Average breadth 

Rigbt eeetion X Mean breadth = 500 X 
mailer end sTea ~ 1200 X 1 00, length 

Proof, by Sights and Widths (Simpson). 

lligbta. widths. 

Larger cross-section . = 50 X 80 = 4000 =2 6. 
I Smaller " " . = 30 X SO = 2400 = 2t. 
j Sums of hts. and wids. = 80 X 160 = 12800 = 8 m. 
Divisor = 12)19200 

1600 = Prism. Mean Area. 
100 = Common length. 
V S'oiidift/of entire Prisraoid (as above) = 160,000 Cubic Feet. 

Note. — By Hutton' 
160,000 Cubic Feet. 



Ecample 2. — Let us n 
by. Fig. 14, Art. 8. 



ii-gc e 



mall 



Rule we have the same t 
take the case figured for another purpose, 
,Iy.) 



- 654 to road-bed o 
= 300 " 



^=354 



/ Difference, or area of back 1 
\ of superposed wedgi 
Supposing the smaller end, at a distance of 100 feet forward, to b 
ABKH = 300 in area. WhiJe the larger end ABCDEFGHA = 
654 area. Common length = 100 feet 



Then, — - = 47, Mean width of back. 

, 7-532 X 100 length "'^i^™'-"- 
and ^— — ■ ■■ = d/D b 

354 

--■ = 7-532, Vertical Mean Hight of Back. 
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54 + 40 + 40 = Sum of tlie three parallel sides _ j^a f 

p- „ / 376-6 X44S . . . =16822 = Volume of Wedge. 
**■* ^' \ 300 X 100 length = 30000 = " " Prism. 

Solidilii of the whole Prismoid, 1 "IT" ^, , . „ , , , 

. :, / . , , ,. > = 46822 = Cubic feet to road-bed, 

from road-bed to ground hne J 

or 56,822 to iiiter- 
sectioa of slopes. 

Sow, roughly conipvitliig this example, both by Higbts and Widths, 
and by Roots and Squares, we find for the Solidity about the same 
result, the difference being small in the whole body of earthwork con- 
In like manner, roaghly calculating Figs. 43 and 44, which have 
very irregular ground lines, with both end sections in each case dia- 
grammed upon one figure. We find that computed by Wedge and 
Prism, and some other methods, as a proximate test, they all coincide 
within a few cubic yards. 

So that this rule for calculating Prismoids of Earthwork by means 
of a Prism and Wedge, mpurposed, may be accepted as proximately 
correct in all ordinary* cases, and it Is in practiee a very simple one, 
as may be noticed in the examples. 

Bequiring for data given merely the areas of the end cross-sections, 
their distance apart, and their total widths across, horizontally, to 
ground edges of slopes:— no inatter Iww irregular ^e surf aee may be. 

In all the computations above (as well as in the methods of pre- 
ceding chapters^, so soon as the mean area of an earthwork solid is 
ascertained, it will be found conducive, both to expedition and to 
accuracy, to resort with it to the table of cubic yards for mean areas 
(at the end of the book), to obtain cubic yards, if they should be 
required in the resulting volume. 

In this connection it may be observed that the transverse area of 
the under-prism being always given in the data (and usually given as 
that of the smaller cross-section), whilst the distance apart sections 
is also known, it is better, where cubic yards are desired in tlie uUi- 
mate solidity, always to find them from the table in the manner shown 
by the directions for its use ; and the superposed wedge may be also 
treated in a similar way by computing its mean area. 

• Where the cross-eeetions appear to bs 'tiiutaaUi) diiiorted, so aa to render donbtfu), 
the ■pplionliDQ of ao; ordinary ruleR, then ne must endeavor to sketch an aoourate mid- 
!i:atioD, and use our First Method of Couiputatiun (Chapter 11.)— whkk never fail, nben 
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29, Although tlie foregoing rule for the computation of a 

Priamoid, by Wedge and Prism, is proximately correct in all ordinary 
eases, it has limits which must be observed, when exact results are 
sought. — These limits are: That the extreme horizontal width of Uie 
smaller end aeelion shall always be equal to, or less than, that of the larger 
end, and never greats, where our rule is used as written above. 

Thus, in all the cases computed in the above examples, the width 
of smaller end is less, except in the figure Dcxt preceding, where it is 
equal — but in none of the examples is it greater, and hence they are 
all clearly within tlie limits of the rule. 

In the following figure {Fi^. 81), however, the horizontal width 
of the smaller end is, in this unusual case, greater thau that of the 




ll)ac> jaoo.'b. 
I gH^. 1425.111. 
ledl . 900-1 



larger one — to such cases then our rule above stated does not a 
directly in the form as written. 
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A consideration of the figure annexed, where both end sections and 
the mid-section are diagrammed together, wilt make the reason 
evident. 

It is simply tliig, that whenever the horizontal top line of the 
smaller end exceeds in width that of the larger one, or lays above it 
(in a cut), when diagrammed together in one figure, with the diedral 
angle eommon to both, then the smaller end ceases to be the section of a 
prism, and becomes that of a prismoid. 

But as apHsmoid is formed of an under prism, with a wedge super- 
posed, we have tlien in this solid (such as is sectioned in Fie/. 81) a 
prism with two wedges mperposed — the upper one carrying the ground 
surface of the earthwork solid. 

The prism in this case has for its crosiS-seetion the portion of the 
solid below the line c 6, marking the extreme breadth of the larger 
end section, while tlie tivo superposed wedges are reversed in position 
— that in contact with the under prism having its edge in the line eb, 
the width of the larger, while that carrying the ground surface has its 
edge in e d, the width of the smaller end section ; and therefore the 
wedges are reversed Jn position, though having the same length in com- 
mon with the ^risatrWhich underlies both. 

Example 3, Fiy. 81. 

1 of prism below c S = 400. 

smaller end = 900. 

Sata \ " " larger end = 1200. 

Common length of all = 100 feet; other dimensions as in 
Fig. 81. 

(1) By Prmnoidal Formula — First Method Computation, Chapter 
IT. (Button's General Rule) — which is an accepted standard for 
aeffu-racy. 

I Smaller end section . . . = 900 = (. 
Larger " " , . . = 1200 = 6. 
Midisection deduced, being 
a mansard figure flat on 
the top = 1425 X 4 . . = 5700 = 4 wi. 
6)7800 
1300 = Prism. Mean Area. 
100 = Common length. 
\ Solidity ^^IM/m Cubic Feet. 
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'y Chauvenet's TIteorem, and our rule drawn from U. 

.' (1) =: The top wedge {at ground) = Eight 
section (40 X 100 -r- 2 = 2000) 
X J sum of edges = (60 + 40 
+ 0-^3 = 33J) = 66,667 C. Feet- 

(2) = The interm^iate wedge, &iijo'muig the 
prism {as in our rale). Difference 
of areas -;- i suili of widtlia = 500 
-4- 50 = 10, Mean Hight of wedge. 
Then, by the rule (from Chauve- 
net), (10 X 100 ~ 2 = 500) X 
i sum of edges = (60 + 40 + 40 
-5- 3 = 46J) = 23,333 " « 

(3) = The prism, which underlies both = 
400 area X 100 length . . . , = 40,000 " " 

Totality of this solid, contaioing two 

\ wedges and one prism = Solidity = 130,000 C. Feet. 

In examining tlie solid body terminated by the cross-sections figured 
(ia Fig. 81), it wil! be found to be bounded upon every side by planes, 
passed through tliree common points, so connected that the faces con- 
tain wo warped surfaces whatever. 

30. It would appear tbat in peculiar solids, like that in Fig. 81, 
we might omit the prism, entirely, and decompose the body into a 
species of double triangular or rhomboidal wedge (with base of back, 
and also the edge, common to two triangular wedges superposed, and 
inverted with their bases in contact, one on the other), and this 
double triangular wedge, with a single pyramid based upon the 
smaller end (or in fact on either end), all having a common length, 
would form the whole earthwork solid, and simplify the calculation 
in such special cases — if not in oil cases of irregular ground. 

Thus, examining the large end 1 6 a c, we find it to consist of the backs 
of two triangular wedges, joined together at their bases eb, and hav- 
ing a common edge at 100 feet forward, equal to d e, the top of the 
smaller end. 

Below this double wedge we find a pyramid whose base is I e d I, and 
vertex at I, with the common length of 100 — the calculation of 
solidity is ai follows: 
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Example 4 (Fig. 81). 
(1) The Douhle {Triangular or Rkomhoidal) Wedge. 
The mean breadth being common both to the upper and lower tri- 



= 33i. 

And the whole hight of the double triangular wedge is composed 
of the hights of the two separate parts = 40 + 20 = 60, forming a 
Ehomboid. 

Then, '^^. ^ ^^ = 3000 = Eight Section. 

And right section = 3000 X J sum edges = 33^^. . . = 100,000 
(2) The Pyramid, based on smaller end = — X 100 . = 30,000 

Solidity of the whole Prismoid = 130,000 

(Being the same as in Example 3.) 

AVe might also divide this solid into two wedges and a pyramid by 
other cutting planes, with the same result. Thus; 
Example 5 {Fig. 81). 

Kl. Sco. i^snmedgfs. C. Feel. 

,40 + 60 + 0, „„„, 



(2) Intermed. 1 



Solidity of the whole Prismoid = 130,000 

(Being the same as in Examples 3 and 4.) 

Suppose now upon the smaller end section {Fig. 81) we place a 
triangleofBOfeetbase, and 10 feet altitude, the vertex representing the 
termination of the crest of the ridge coming from the apes of the tiller 
section, and thus augment the area of the lesser end to an equality with 
the other, or make each = 1200 in area — the addition in Solidity 
being a Pyramid. 

Then, although the end areas are now equal, the horizontal widths 
between the ground edges of the side-slopes remain unequal, as before ; 
the big end having least width. 
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And the coniputatiou of this solid is asfoUowa: 
Example 6 (Fig. 81). 



Bi/ known GeometiiccU Solids, 5 
erned by Familiar Mules. 

Pyramd (auper-Kdded) base SOU. 



(1) Top Wedgt . . . . 

(2) InlenHtdiale Wtdge . 

(3) P-""' 



.= 66,6fi7 
. = 40,000 



By Hiiiton's General Rule. 



peaked upo 

ISOO iQ ace 
M + liO _ 

2~ ~ 
« X 20 — S( 



In all the above examples (except Rcatnple 2), the computation 
for solidity extends from ground surface to intersection of slopes, 
without regard to the road-bed. But any width of road-bed may 
be assumed, the volume of the grade prism ascertained, and being 
deducted, will leave the solidity from road-bed to ground all the same, 
as if it hod been specially calculated in that way. 

a Of the Rkomboidal Wedge and Pyramid. 

A close examination of the solid, cross-sectioned in.J^t^. 81, and 
shown in isometrical projection by Fig. 82, will make it evident tJiat 
beginning with the larger end section, the three cross-sections required 
by HuTTOs'a General Pristnoidal Ride will be a Rhomboid, a Penta- 
gon, and a Triangle, dimensioned as shown in the figures. 

And the solidity of this body by Hutton's Eule, as shown in 
Example 3, Art 29 = 130,00.0 Cubic F.eet 

It is also evident, from Example 4, of this article, that this compu- 
tation can be made for solidity with the same result (130,000 Cubic 
Feet), by decomposing the body into a Rhomboidal Wedge and two 
Pyramids, which may be aggregated and calculated as one, so that, as 
in Example 4, this solid can be computed as though it were composed 
of a single Rhomboidal "VVedge, iiaving its edge in the width Hue of 
the smaller end section ; and of a single Pyramid upon a base equiva- 
lent to the latter in area, and its vertex at the foot of the rhomboidal 
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back whicli forms t!ie area of the larger croBs-sectior, or one equiva- 
lent tiiereto, and standing (as both end sections do) with the vertices 
of otie of their vertical angles coincident with the line of iutereectioQ 
of the side-slopes prolonged. 
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By means of Wedge and Priam, or Wedge and Pyramid (especially 
the latter), we have already indicated the process of reaching the vol- 
ume of an earthwork solid, and we will now continue our examples 
until the simple combination of Wedge and Pyramid, in computing 
aoUditJ/ upon the usual earthworks, is fully illustrated. 

Although solids resembling Fig. 81 in their cross-sections admit of 
being easily computed by their own dimensions, either by Wedge, 
Prism, and Pyramid, or by Huttok's General Ride, which is a stan- 
dard for volume; nevertheless, as earthwork sections generally pre- 
sent themselves in a somewhat different form, it becomes desirable to 
devise a rule which, within a long range, will apply to all earthwork 
with uniform slopes, and shall include within its limits the great 
majority of cases which come under the notice of the engineer. 
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Extremely irregular and distorted solids, however, have sometimes 
to be subjected to calculation, which seem almost incommensurable 
by any fixed rule, and such exceptional cases must be left to inde- 
pendent methods adopted at the time ; though it is obvious that any 
solid may be so sectioned, and divided into limited portions, as to 
admit of computation by maoy procetses, viithi/ut material error. 

b. Stalement. In any earthwork solid contained within a 

diedral angle (formed by the intersection of uniform &ide-slopes), 
however irregular the ground may he, if the side-slopes continue uni- 
form — aud we have ffiven, the length I, the areas of the cross-sections 
at the ends A and A', aud the slope ratio r. We may compute the 
volume of such solid as a double Triangular, or single Rhomboidal 
Wedge in combiDation with a single Pyramid (the latter also usually 
Rhomboidal but sometimes Triangular). 

Process. — Take any pair of irregular cross-sections, judiciously 
located and measured by the field engineer, so as correctly to define 
the ground, and of which all the necessary dimensions are known, gs 
well as the distance apart sections. 

1. Ascertain the areas of the cross-sections to intei-section of 
side-slopes. 

2. Find the proper hightfrom intersection of slopes, to include 
one-half the area, also the proper width, and assume this as the 
base of the back of a double Triangular, or Rhomboidal Wedge 
in the larger end, and as the edge of the same in the smaller one. 

3. Compute from the larger, or from either end section, a 
Rhomboidal Wedge, by Chauvenet's Theorem. (See Example, 
Art. 27, a, paragraph 8.") 

4. Then, to the solidity of this Rhomboidal Wedge, add that 
of a Pyramid, based upon the other end section, and having for 
its altitude the common length, or distance apart sections. (See 
rule following.) 

The sum of the altitudes of the double triangles (joined at their 
bases) forms the vertical diagonals, or hights of back, of the rhomboi- 
dal wedges, while their horizontal diagonals form the width of back 
at one end, and of the edge at the other, the angular points of the 
Rhomboid, vertically, being zero. Either end may be calculated from, 
while the other area is the base of -a pyramid (Rhomboidal, Triangu- 
lar, or Irregular), having for altitude the common length l. For 
proof of the work we should always make both direct and reverse ealc^i- 
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lalions, taking either end alternately as the base, and though they 
will seldom agree exactly, owing to the decimals coming in a different 
order (unless we use a cumbrous number of places) ; nevertheless, 
the agreement will be found close enough for a verification of such 



To compute the Rhomboidal Wedge and Pyramid in an Earthwork. 
Adopt either end for Base, and call the other ike Top = b and t, of 
former notations. 

Present notation: 
f A. = Area of eroaa-section asaumed for the Base. 
A' = " " " " " Top. 

= Common length, or distance apart sections. 
These are all the data required to be, given, the remainder needed 
are easily computable. 
j h I Vertical diagonals of the equivalent Rhomboids, into which 
,' j the end areaa are transformed. 

/ > Horizontal diagonals of the aame. 

Then, by computation : 

|i = 2 V^Ll, '•■= 2 \/^^ " = (v/i^) X 2.; 

„' = (V/E?)x2,-. 

From the foregoing it is evident that w = A r, and v! = h' r. 
Also, when the slopes are 1 to 1, then h = v'2 A; if li to 1, 
h = VfX] and if 2 to 1, A = VaT The use of these will otlen be 
convenient. 

Rule. — Case I. — Where width of big end is equal to, or greater 
than, that of small end. 

1 (Half product of vertical diagonal of base, by distance Itpart 
sections) X (One-third the sum of horizontal diagonals of 
both ends) '= Solidity of Shomhoidal Wedge ; 
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2 (One-third of area of top) X (Distance apart sections) = 
Solidity of Pyramid ; 

3. Add together the two solidities above (1 and 2) for the solidity 

of the entire JPrismoid : — from ground to intersection of elopes, 

and niinns the volume of the grade prism, gives solidity from 

road-bed to ground. 

EuLE. — Case 2. — Where width of big end is equal to, or less tlian, 

that of small end. 

In this case the multiplier for e 

- — — ^~~ ' '"Stead of simply 

the volume produced by the Rule of Case 1 — modified in the 
multiplier as juat mentioned — we must add a final correction, 
as follows: (Difference of ac(Maniorizontal widths X Difference 
of their hights from intersection of slopes) X length — this 
final product, added to the volume resulting from the rule above, 
gives tlie mlidity for Case 2, 
The application of these corrections will be shown hereafter by 
an example, drawn from the peculiar solid, figured in Figs. 81 
and 82. 
The results produced by these corrections, when added to those 
obtained by the Bule of Case l,will give the solidify, whenever 
the aclval width of the smaller end section does not exceed three 
times thai of the greater one. 
Within these limits the rules and corrections above will apply, and 
they will be found to cover the great majority of practical cases ; hut 
where the end sections are even more distorted, we must then com- 
pute by Button's General Rule, or by the actual dimensions of the 
solid, decomposing it into elementary bodies. 

As the Prism, Wedge, and Pyramid, are the solid elements from 
which every great-lined body is composed, and into which it may be 
again resolved, it follows by parity of reasoning (as in the case of the 
Prismoidal Formula) that for aU earthwork solids, bounded by planes, 
the rules of this chapter hold. 

C A¥e will now illustrate our method of Wedge and Pyra- 
mid, by computing the cases of Chapter II., figured from 53 to 64 
inclusive, and all originally computed by Hutton's General Rule-- 
the standard for accuracy. 
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All of theae examples (as indeed is the fact with most others in 
practice) come under our Rule and Case 1 — the width of tlie larger 
end section being in every instance greater than that of tlie smaller 
one. (See Figs. 53 to 64, Art. 18. 

Ah. 18. — Example, iUustrcUed by Figs. 63 to 65. 

«fBlopes,elc. (l =100^81. J 

The road-bed being 20 feet ; the side-slopes 1 to 1 in this case, as 
in all where r =; 1 ; the Ehomboid becomes a square, and the diago- 
nals equal. 

Direct calculations. 

j li^lXJl" X *J:^^^ . ,_ 66,471. F-e*. 

^ :^ X I = S. of Pyramid. 

■" X 100 = 16,667 =iV-omi"rf. 

Total = 73,138 C. Feet. 

f Deduct Grade Prism. = 10,000 

Leaves Solidity of Earthwork = 63,138 

3 computed in Art. 18, Chapter II. . . = 63,170 

\ inference = — 32 



Reverse calculations. 
/ 31-62 X 100 31-62 + 44-50 



= 40,126 = 



X 100 = 33,000 = 

Total = 73,126 C. Feet. 

\ Deduct Grade Prism ■= 10,000 

Leaves Solidity of EarthtDorlc = 63,126 

eomputedin Art. IS, Chapter 11. . . = 63,170 

Difference = _, 44 

The above example represents an earth-eut upon three-level grouna 
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Art. 18. — Example, illmtrated by Figs, 56 to 58. 

This example represents an earth-cut on Jive-level ground, having a 
road-bed of 20; slopes of 1 to 1; length 100 feet. 

Computed by our Rule, Case 1, we liave. 



Direct calculations. 


Reverse calculationa. 


Wedge . . = 24,306 


/Wedge . . = 27,254 


Pyramid . . = 14,367 


( Pyramid . . = 11,467 


38,673 


\ 38,721 


Deduct a P. = 10,000 


1 Deduct G. P. =. 10,000 


SolidUy . = 28,673 


] Solidity. . = 28";72r 


By Art. 18 . = 28,650 


/ By Art. 18 . = 28,650 


Differeoce. = + 23 C. Feet. 


\ Difference. = + 71 C. Feet 



Art. 18. — Example, illustrated by Figs. 59 to 61. 

This example represents an earth-cut on seven-level ground, dimeo- 
sioued as above. 

Computed by our Rule, Case 1, we have: 
Direct calculations, 
/ Wedge . . = 42,048 
j Pyramid. . = 21,700 
\ 63,748 

/ Deduct G. P. = 10,000 
) Solidity. . = 53,748 
/ By Art. IB . = 53.733 
\ Difference = + 15 C. Feet. 



/ Wedge . . ■= 42,935 
Pyramid . . = 20,800 
63,735 
' Deduct G. P. = 10,000 
SolidUy . = 53,735 
' By Art. 18 . = 53,733 

Difference = + 2 C. Feet. 



Art. 18. — Example, illustrated by Figs. 62 fo 64. 



This example represents an embankment upon nine-level ground, 
very rough. Road-bed 16 feet ; side-slopes IJ to 1 ; length 100 feet 
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Direct calculations. 



/ 33'24 X 100 49-86 + 43'9 



. = 51,98T Wedge. 



644;67 ^ ^^^ ^ 21,489 Pyrsimi,!. 

73,476 

] Deduct Grade Prism = 4,2 67 

Solidity = 69,209 C. Feet. 

As computed in Art. 18, Chapter II. . . . = 69,200 

Difference = + 9 C. Feet. 



e calculations. 
, 29.32 XJiO ^ 49:86+ i3:9_8 = 45,856 Wedge. 

^^^'^^ X 100 = 27,622 Pyramid. 

73,478 

1 Deduct Grade Prism = 4,267 

Solidity = 69,211 C. Feet. 

As computed in Art. 18, Chapter II. . . . = 69,200 

Difference = + 11 C. Feet. 



d We have thus compared the whole four of tlie examples 

illustrated in Chapter II., and all computed by Htjtton's General 
Rule. These we find to agree with the calculatioas by Wedge and 
Pyramid, in every instance witbin a few cubic feet, and had the deci- 
mals (into which all these computations run) been carried further, 
the agreement would probably have been closer. 

We will now compute by Wedge and Pyramid the example of a 
heavy embanlcment, taken from Warner's Earthwork, Art. 86. 

" Prismoid. First end-higbt — 28-7 ; second end-higbt — 14-5 ; 
surface-slope 15° ; side-slope li to 1; road-bed 24 feet." 
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Direct calculations. 

^^^ X 100 = 30,233 pyramid. 

159^906 
, For Cubic Yards h- 27. . . '. . . . . = 5,923 

I Deduct volume of Grade Prism ^ 356 

Solidity = ~5;667 C. Yards. 

By Button's General Eule = 5,566 

\ Difference = "^1 C. Yard. 



Reverse calculations. 

52'17^ 
3 



34-78 X 100 ^, 52'17 + 85-05 c ^f^'' ^^ . 

^' . . . = 79,542 Wedge. 



^^^- X 100 = 80,367 Pyramid. 

159,909_ 

. For Cubic Yards h- 27 = " 5,923 

/ Deduct volume of Grade Prism = 356 

Solidity = 5^67 

By Hutton's General Rule = 5,566 

Difference = ~-fTC. Yard. 

Mr. Warner (in Art. 86 quoted) makes the volume liere co.mputed 
= 5562 Oubie Yards. 



e All of the above examples come under Case 1, of our 

Rule, as ordinary earthwork sections usually do. But we will now 
compute a single example hy Case 2—- where the width of the greater 
end is less than that of the smaller one. This condition will be found 
in the solid figured in Fig$. 81 and 82. 

In this example, illustrative of the rule in Case 2, the corrections 
therein named have been duly embodied. 
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Example of Case 2 (Fig. 81).* 
48-98 X 100 48-98 + 42-42 + 6-56 



^ X I ^ (w + vf) + (w 



80,000 Wed 



' ^** X 100 ^ . . . . = 30,000 Pyramid. 

^^ XI. 110,000 

Final correction, 10 X 10 X 20 X 100 . . ^ 20,000 

Solidity = 130,000 G. Feet. 

, The same as computed before = 130,000 

It would appear, thew, from the discussion in this chapter, the 
examples given, and t!ie simplicity and conciseness of the rules for 
computing earthworks, by means of the Prlmn, Wedge, and Pyramid, 
that they deserve to ranlc amongst the best employed for the purpose. 

« Although this solid {Flgi. 81 onfl 82) is bounded oa all sides bj plane enrfaoeB, nnd 
is composed simply of n RhomhoidFil Wgdge, superposed upon a Pyramid— vcrj few of 
the Rules or Tables, of the numerous nrittra on Enrthwork, fumlsb mcHns for comput- 
ing its .oiirfflff— which oan only be readily ascertained by Hutton'b General Rule, or by 
decompositiou into elementary saliiJs, of nhioh the rules for Tolume have been long 
establishEd. 
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CHAPTER VI. 
I Gillespie's foue usual rules, with theik coaKEC- 

TIONS, AND A COMPAEISON OF HIS CHIEF EXAMPLE WITH OUR 
THIRD MEniOO OP COMPUTATION — OK ROOTS AND SQUARES (CIIAr- 
TER IV.). 

31 The late Professor W. M. Gillespie, of "Union College, 

Schenectady, N. Y., was an able teacher of Civil Engineering, and a 
sound practical writer on that and cognate subjects, as may ivitoess 
his — Roads and Railroads (1347), 10 editions; Land Surveying 
(1855), S editions; Higher Surveying, etc. (1870), posthumous, 1 
edition; and numerous valuable papers, read before the AmericLUi 
Scientific Association, or printed in scientific journals. 

In 1847 lie published his first edition of Roads and Railroads, and, 
as an appendix to it, in about 25 pages, he gave a practical bummary 
of various methods of computing Excavation and Embankment, 
accompanied by valuable corrections and suggestions, whieli were 
together so explicit and so well grounded that this Appendix bus 
become the basis of several works upon the subject, whose authors, 
■without much acknowledgment (often without anj), ba\e frcelv 
availed themselves of Professor Gillespie's labors. 

His work on Roads and Railroads, well printed and cheaply pub- 
lished, has had a great circulation ; it has already filled 10 editions, 
and is probably better known in the ofRces of engineers, ail over th is 
country, than any other similar book. In the Appendix, on Excava- 
tion and Embankment, Professor Gillespie recognizes "fotir iisual 
methods of calculation." 

1. Calculation by Averaging End Areas (ir Arilhrndical Average), 

2. " " Middle Areas. 

3. " " Prismoidal Formula. 

4. " " Mean Proportionals (or Geometrical Average). 
And we will now proceed to give bis views substantially, but not 

literally, upon these/owr rules, which he found in use when he took 
up this subject in 1847, and whidh,indeed,had long before been known, 
— asfolloim: 
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1st. Ariihmelical Average. — This cousista simply in adding together 
the areas of any two adjacent cross-sections, taking half their sum 
for a mean area, and multiplying it by the length of the station, or 
distance apart sections, — to find the Solidity. 

As generally used by engineers, instead of a<)ding the end areas, 
halving their sum, etc., they employ the sum of the two, or d<mble 
nreai, and merely double one of the divisors in working for Cubic 
Yards, agjollows: 

Engineers' Rule. 

(Take the sum of the areas of any two adjacent cross-sections, 
multiply these double arean by the length (which, if a full station 
i of 100 feet, is done mentally, or by removing the decimal point 
/ two places to the right). Divide by 6 and by 9, and the last quo- 
\ tient gives the volume in Cubic Yards. 

This Rule has been by far the most used of any other in our coun- 
try; — with tables of Cubic Yards, for double areas, it is very expedi- 
tious, and has found numerous advocates amongst engineers on 
account of its simplicity and convenience; it usually gives a result 
m excels of the truth, and where the disparity of areas is great, very 
much in excess; even this well-known error has found commendatory 
advocates, on the ground that it is like the merchant giving good 
measure to the customer, and that this excess in quantity being well 
understood, would be compensated for by a reduced price, whenever 
the work was executed by contract — but these argumenie are dearly 
impound. 

Professor Gillespie has, however, indicated a simple correction, by 
means of which the result of a computation, by Arithmetical Aver- 
age can be reduced to the truth. 

Thm, let 
r d = Difference of centre bights, supposing all the cross-sections to 
1 be reduced to an equivalent level top. 

1 s* -■= Ratio of the side-slopes {or cot. of angle) s to 1. 
(^ ; = Length of the cut or fill between sections. 

« Enginoers and wrilprs bnve pretf J generally, of lalo Jears, agreed to designate the 
riitio of sLda-alopea as r fand this we have nanallj employed), while the symbol s is con- 
fined to slopes of ground, or n-rface elope>, but in the present oase Professor Gillespie's 
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Then, 



SiPl. 



- is the proper correction for the results of Arithmetical 



Average, which correction, if computed for each mass so calculated, 
aud then dedveted therefrom, will give the true solidity — the same pre- 
cisely as if calculated direct by the Prismoidal Formula itself, 

Tlie chief example computed by Professor Gillespie under the sev- 
eral heads of his subject, has the same data in all, as shown by the 
first four columns of the following Tables — the cross-sections in all 
cases being assumed to be equivaJeut level trapezoids by him. 



1. Arithmetieal i 

Table 1, computed in illustration of the .corrections proposed, 
including an entire section of a supposed railroad, 4219 feet in length. 

1. Road-bed 50; side-slopes of excavation li to 1; of embank- 
ment 2 to 1. 
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From this Table it will be perceived that the error of the process 
of Arithmetical Average, in this example, amounts in Excavation to 
6 per cent-, and in Embankment to 9 per cent., above the true solidity. 

2d. Calculation by the Middle Areas —The second method of calcu- 
lation is to deduce the middle areas (commonly called mid-sections) 
of each Prismoidal maj-s, from the middle bight, or Arithmetical 
Mean of the extreme hights of the solid, and multiply the middle 
area thus found by length for volume The results thus obtained are 
too small; their dejicieney being equal to just half the exeess of the 
first method. 
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Here tBe corrective formula i 



and corrections thus calcu- 



lated being added to tlie results obtained, by the process of middle 
areas, would make them coincide with the true volume given by tfye 
Prismoidal Formula. 

2. Mddle Areas. 

Table ^eomputed and corrected in illunbration of the above, including 
an entire section of a supposed railroad = 4219 feet in length, 

2. Road-bed 50; side-slopea of excavation IJ to 1; of embank- 
ment 2 to 1. 
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From the above Table it will be perceived that this process of 
Middle Areas is a closer one than that of Arithmetical Average ; but 
being in deficiency, while the former was m excess, the difference in 
this case, from the true solidity, being about 3 per cent, less in Exca- 
vation, and about 4 per cent, less in Embankment. 

3d. Calculation by the Prtsnwidal Formula. — The mass of which the 
volume is demanded is a true Prismoid, and its contents will there- 
fore be given by the well-known Prismoidal Formula. 
b + 4m+i 



6 



- X length = Volume. 



(b = Area of Base. 
Where, -^ m = Mid-section. 
= Area of top. 



>y Go Ogle 



CHAP. VI.— GILLESPIE'S RULES, ETC.— ART. 31. 149 

l^taining the same data for the example as has been used in the 
preceding tabulations, and will be continued throughout this discus- 
sion, we refer to the following Table (3), where the results obtained 
from the data given, by means of the Prismoidal Formula, are pro- 
perly tabulated. 

3. Prismmdal Formida. 

Table 3, in illustration of the computation by it. Including an 
entire section of a supposed railroad •= 4219 feet in length. 

3. Road-bed 50; side-slopes of excavation IJ to 1 ; of embank- 
ment 2 to 1. 
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This Table 3, computed by the Prismoidal Formula itself, is the 
standard for all the others, and gives ike tnte iolidilies in the section 
of railroad under consideration. 

4th. Calculation by Mean Proportiormk (or Geometrical Average). 
-—Professor Gillespie says a fourth method, called that of " Mean 
Proportionals," is sometimes, though very improperly, employed. 
He gives the following rule for Mean Proportionals. 

Rule. — ^dd together the areas of the two ends, and a Mean 

Proportional between them (found by extracting the Square 

Root of their product) ; multiply the sum of these three areas by 

the length of the Frustum, and divide the product by three.* 

As used by engineers, in working for Cubic Yards as the result, 

tois rule takes a somewhat different shape, as follows: 

Bule. — Multiply the sum of the end areas, and the Square 
Root of their product, by the distance apart, and divide this final 
produd by 9 and by 9. 



itmll^, i 



:lid'3 Rule for Iha Frustum o 
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The result is always much less than the truth (supposiug the areas 
taken between ground line and road-bed), for it treats as Pyramids, 
or thirds of Prisms, the wedge-shaped pieces which are really halves 
of Prisms, and is farthest from the truth when one of the areas = 0.* 
So fir the Projessor. 

And this is ali correct -when, the cross-sections are limited between 
road-bed and ground surface ; but if they are extended to the inter- 
section of the side-slopes, or edge of the diedral angle containing tlie 
earthwork solid, an entirely different state of affairs takes place, for if 
the road-bed he imagined to be gradually narrowed, so that eventu- 
ally it vanishes at the intersection of the side-slopes; then, at that 
point, both Pyramid and Prismoid eoinoide, or become equivale)if, 
whilst their rules become correlative {or mutually interchangeable), 
and eiiher may be used witb the same results in point oi solidity; and 
this is also the case ivith the "Equivalent Level Hights," much used by 
engineers since the publication of Sir John Macneill's work (London, 
1833), but likewise condemned by Professor Gillespie, rather hastily 
as it seems to the writer, and hardly upon sufficient grounds. 

It seems singular that this able Professor should have overlooked 
the facts mentioned above, as he was well acquainted with the method 
of continuing calculations to junction of side-slopes, ind^tdinfj the 
Grade Prism in the earlier stages of the computation, but reeding it 
at the close (as may be seen in his paper on Warped Solids (1859) ), 

Wow, so long as the cross-section of the earthwork remains trape- 
zoidal in figure, tlje strictures of Professor Gillespie upon this rule 
(commonly called the Geometrical Average) are undmibtedly correct; 
but whenever the cross-section becomes triangular tkeyfaU entirely, as 
also does bis similar censure on " Eipd-ealent Level Hights." 

In evidence of this, we have tabulated (for ourselves) the same 
general example as heretofore given — both for tlie Geometrical 

• Now, tiikLn£aMaeofpre< 



If we compute th;s salid, either prismaida,!];, or b; th« usual rule Tor wedges, we have 
for its volume 3205 Cubio Yards In round nambers. 

And if we eompule it by Baker's Kule (wbo troate such cases as Frusta of PyramidB, 
611! Mill the imporlaat addition of ihe ffrnrfe Pflaa), we find the resulting volume to be 
the same to the nearest Cubio Yard. 

For this pyi'ciMiilufriife see Baker's Earthwork, London, 1313, whose rule is similat 
to that of Bidder and others, which hare always been ocoepted as norTtel bj Englieh 
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Average, and for the Equivalent Level Hights, merely carrying tiie 
areas to the intersection of the side-slopes, in both cases, including al 
firA the Grade PriBm, but exduding it after — as a eomniou quantity, 

32 By these Tables we find the solidity of Gillespie's exam- 

jilii ti) be precisely the same as computed hy him with the Prianioidni 
Foi niuia (Table 3 above), and which he has very properly adopted as 
the correct dandard/or all. 

4. Mean Proportionals {or Geometrical Average). 

Table 4, in illustration of computation by them, including an entire 
section of a supposed railroad = 4219 feet iu length. 

4. Road-bed 50; side-slopes of excavation 11 to 1; of embank- 
ment 2 to 1. 




In this Table the Grade Prism is included at first, and excluded 
afterwards. Its sectional area is as follows: 

Grade Prism of Cut == 416*666 Square Feet. 
Bank = 312-5 

To be multiplied for volume by length of mass to which it belongs. 

Altitudes of the Grade Prism in the Cut = 16S feet; on Bank = 
12 i feet. 

In computing quantities by Geometrical Average, the following 
generalization has occurred to the writer, which indeed may j 
be a germ from which the Prismoidal Formula might have spm 
since both the Arithmetical and Geometrical Means were known in 
the days of Euclid ( 200 b. c), while the original Prismoidal For- 
mula (so far as we know) was devised by Simpson, as iat« as a. d. 
1750. 
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Thus, 
Double the sum of End Areas + Double Geo 



- X /i = Solidity. 



= Sum of End Areas. \ Then the ahoi 
= Geometi'ical Mean. / beeomes . 



Or, in its lowest terms, - 



. X A = S, which is the Geometrical 



Average; or, in substance, Euclid's Rule fur the Frustum ef a Pyra- 
mid ; and by the aid of the' Grade Pri»m strictly applicable to eartii- 
works of a general triangular section in ordinary cases. 

5 Equivalent Level Sights. 
Table 5, in illustration of computation by them. 
5, Eoad-bed 50; side-slopes of excavation H to 1; of embank- 
ment 2 tfl 1. 
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In this Table the Grade Prism is included in the earlier operations, 
and excluded in the later ones. Its sectional area is asfoUoics: 
Grade Prism of Cut = 41666 Square Feet. 
Fill = 312-50 " 
To be multiplied for volume by the length of mass to which it 
belongs. 

Altitudes of the Grade Prism in the Cut = I6i feet; on Bank = 
12! feet. 

33. From the preceding discussion in the present chapter we are 
justified in declaring that all the following rules and formulas 
(detailed above) are equivalent in their results for volitme — when pro- 
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perly eorreoted and appropriately used ; and tliat they all give the 
same solidity in the end as No. 3 does, which is the standard ibr AIL. 

1. Arithmetical Average to Road-bed (with correction). 

2. Middle Areas to Eoad-hed (with correction). 

3. Prismoidal Formula (the standard for all) to Eoad-bed, or to 

the intersection of slopes — eiiJier. 

4. Geometrical Average to intersection of slopes. 

5. Equivalent Level Hights to intersection of slopes. 

AH these are fully described above, and the tabular statements 
bearing the same number show in each case the results of the calcu- 
lations for volume, agreeing uniformly with the computations for 
solidity, made by means of the Prismoidal Formula. 

In concluding Iiis notices of the method of computing the contents 
of earthworks, by means of tbe Prianioidai Formula, Professor Gilles- 
pie gives some special rules, transformed i'rom it, which are doubtless 
valuable in certain cases, but do not appear to be of general applica- 
tion; he also gives formulas for a series of equal distances apart sta- 
tions, such as are usually found in ^e location of railroads. 

These are intended to be applied to a central core, or body of the 
work, based upon the road-bed, to be calculated by itself, and then 
the slopes, to be computed separately or together, and added in with 
the core, so as to form finally the volume of the whole prismoidal mass. 

This idea of separating the core or body from the slopes, calculating 
tbem independently, and adding them together aeems to have occurred 
to a great many engineers,* and forms the theme of neaily a dozen 
books on the subject of Earthwork Measurements — heti or abroad. 

Indeed, the very first special woik. on the mensuration of earth- 
works, which was published in this countrj— -that of E F. Johnson, 
C. E. (New York, 1840), adopted thissj^fem "ind furnished a series of 
Tables to facilitate its operation ; — it was, however, brieily explained 
before, in Lieut. -Col. Long's valuable Railroad Manual (Balti- 
more, 1828), which was the first to treat the subject in this country, 
and Mws, in fact, the pioneer of technical railroad literature in the 
UsiTED States. 

Nevertheless, the method of Gore and Slopes has never come into 
general use, though often revived from time to time by new writers, 
apparently unacquainted with the literature of this subject. 

^ AmuDgst otbors, it is the method of Bidder, nhu foltowed Maoneill in the esrlicr 
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34 Comparison of G-iUespi^s Main Example and the Method 

of Roots and Squares. 

Professor Gillespie's chief example, of a heavy Cut and Fill, form- 
ing an entire section of railroad, 4219 feet long, must by this tirao 
be so familiar to engineers, and others, in consequence of the exten- 
sive circulation of his Manual of Roads and RaUroads, since its origi- 
nal publication in 1847, that we have selected it as the most suitable, 
or at least Hie best known,*' for the purpose of comparison with our 
Third Method of Computation — that by Roots and Squares, 

We therefore give a Table No. 6 (below), which contains in the 
first 5 columns ike data given by Professor Gillespie, and in the last 
6 the results of the computation by Roots and Squares, which will be 
found to agree exactly with those obtained above, by means of the 
Prismoidal Formula — acc^ted as being a correct standard for com- 
parison, 

6. Comparison of Example, with Roots and Squares. 

Including (as before) an entire section of a supposed railroad = 
4219 feet in length. 

G. Road-bed 50; side-slopes of excavation IJ to 1 ; of embank- 
ment 2 to 1. 
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ilS^ 


iiJI=J 


-l"« 


^\,Z ™"^ 



Itt the above Table (as in the others), the cross-sections — in the 
data given — being level trapezoids from ground to road-bed, we neces- 

» Besides, this esnmple, originnlcd hj F. W. Simm?, C. E. (London, IS.lfl), lias been 
before the publio/or many i/cors, haFins been Erst published inonr eounlry in Aleian- 
dor's edition of Simma on LeveUine (Baltimore, 1937) ; from wliiph, or the originaT, it was 
lopiei by ProfaBBor Gillaspie. Id the work above mentioned, Mr. AJeiandcr gives every 
detail of tbe compntation of tbis example, by the Prismoidal Formula, al gi'eal leugfi. 



»Googlc 



CHAP. VI.— GILLESPIE'S RULES, ETC.— ART. 34. 155 

sarily add in this raode of computation (to intersection of slopes) tlie 
Grade Triangle, and deduct it again near the close of the operation. 

Eoad-hed 50; side-slopes of excavation = 15 to 1 ; of embank- 
ment = 2 to 1. 

Grade Triangle of Cut, area = 416 J 8q. Ft. — altitude = 161 Feet. 
" Fill, " = 312i " " _ " = 12J " 

Where the distances apart stations ore uniform in length and even 
in number, the method of Roots and Squares enables us to employ a 
very simple modification of Simpson's Multipliers, ashasbeen already 
shown in Chapter IV., so as to compute with ease and expedition an 
entire cut or fill, at a single <yperai,ion, or one station only, at pleasure. 
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CHAPTER Vn. 



PRELIMISAET OB HASTY ESTIMATES, COMPUTED BY SIMPSON 8 RUT.E 
FOB CUBATOBE. 

35 Preliminary, and often hasty estimates of earthworks, 

are constantly required by engineers prior to deciding upoE railroad 
routes, or their modifications, and indeed are generally necessary in 
determining the relative merits of engineering lines — (amongst which 
there are alwaya alternatives) — since few can undertake to settle pro- 
perly any important questions relating to their comparative value, 
.without some serious consideration, for which the Preliminary Esti- 
mates, on various lines surveyed, supply a proximate foundation, by 
aiding without controlling the judgment of the engineer. 

Exploring lAnes, preparatory to the final location of a railway, are 
indispensable, and in a difficult country may extend to tenfold the 
length of tli£ final Zinc, while the time allowed to engineers being usually 
extremely short, the estimates of quantities on these Preliminary Sur- 
veys are necessarily hasty, and consequently imperfect — but neverthe- 
less demand rapidity in execution, however made. 

For this there seems to be no remedy ; all we can do is to endeavor 
to point out a method for hasty estimates, more correct and more expe- 
ditious than those usually employed, and to this we shall confine our- 
selves in the present chapter. 

Exploring lines are usually traced with stations at doithle distance, 
or 200 feet apart — and, indeed, sometimes on plain ground the dis- 
tance apart stations has been stretched (to save time) as far as 400 
or 600 feet ; — and as this last distance is about the longest range 
which gives distitiot vidon for the Engineer Levels in use in this 
country, it ought rarely to be exceeded, as a general rule; while at 
least, the distance of 200 feet apart stations, or double distance of loca- 
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Hon, furnishes good information of the ground, and also enables the 
exploring party to proceed rapidly enough to gain an adequate know- 
ledge of the country, without much loss of time. 

Nevertheless, the rules we suggest will apply to any uniform dis- 
tance apart stations of exploring line, which may be deemed advisable 
by the engineer in charge ; but the longer the distance between sta- 
tions, the less accurate will be the estimate in general. 

We propose to apply Simpson's celebrated rule for cubature (the 
accuracy of which is well known) to Preliminary or Hasty Estimates, 
taking as data the centre bights and surface slopes alone; the former 
to the nearest foot of bight or depth, from ground to intersection of 
side-slopes, and the latter to the nearest 5° of average ground slope 
across the line, leaiving special cases to be dealt with by the engineer, 
according to rules of his own. 

We have provided proximate tables (very neai'ly correct) to facili- 
tate these hasty operations, and would also suggest that, in all cases 
of Preliminary Estimates, the resultipg quantities of earthwork should 
be augmented ten per cent.: — this addition will give full quantities, 
and has been shown by long experience to be ample to meet the usual 
contingencies which always arise in the construction, and cannot be 
foreseen, and of which, in fact, it must be confessed, the engineer in 
charge (often unknown to himself) almost invariably takes the most 
favorable view, and hence the greater necessity exists for some appro- 
priate allowance beyond the net result of the calculations. 

Simpson's Kule for Cubature, using cross-sections instead of ordi- 
nates (as we have before shown), is as follows : 



(Sometimes 2D, and 6 for divisor, are used, and are equivalent.) 

A ^ Sum of extreme end ordinates, or sections. 
B = Sum of cross-sections standing on even numbers. 
C != Sura of " " " " odd numbers. 

D = The common interval, or distance apart sections. 

'ule above is limited io an even number of equal spaces. 
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And it must be observed that in its application it is always best to 
prepare a rough profile of the line run, and under the regular num- 
bers to pencil forward, from the beginning of the cut or fill to be 
computed, th« series of numbers 1, 2, 3, 4, etc. No. 1 always stand- 
ing at the place of beginning ; it is this series of numbers, so arratiget.!, 
which are referred to in the rule above as even and odd. 

By this rule it is best to compute entire and separately each cut and 
each fill encountered by the line ; and if the whole number of equal 
intervals or stations, iu any cut or fill, should be on. odd number, then 
one station of the common length, at beginning or end (or indeed any 
where deemed most suitable), should be struck off temporarily, and 
reserved for separate calculation ; while the body of the work thus 
reduced, to an even number of common intervals, comes directly within 
the rule, and can be calculated as a whole, ivhiie the detached sta- 
tion, computed by itself, may be added ii^ near the close of the ope- 
ration. 

It will always be found briefer and better in using this and similar 
rules, to aim first at finding a General Mean Area, which, multiplied 
by the proper length or distance, will give the solidity; but it is still 
better, having the General Mean Area in square feet, to use our Table 
at the end when the result is desired in Oiibie Yards. 

36 Instead of employing Simpson's Formula, as it stands 

above, it will be often more convenient to use the multipliers which 
represent it — these are known as Simpeon's Multipliers* and are as 
follows : 

For Iwo equal i.itervi.lB, aparl Sfcliiinfl, it«Us. = 1. 4, 1. J a"'S^ fM?.™ f"? I'cn^b 

( = dimbtc inUrval. 
" ftar" " " " " = 1,4,2,4,1. f Divi9..ra 3; qnotient. 

" lii •' '■ " " '■ = t4,S!,4,Z,4,l,jMfan AroBs; Ihctora for 



"fen - ■■ ' =I,4,2.4,2,4,2,4.2,4,1.(,™{. 

The first set of multipliers, their divisors, and fiictors for length, are 
clearly those of the Prismoidal Formula, which evidently forms the 
basis of this famous rule. 

Indeed, it is easy to show by diagrams how this rule may probably 
have been formed, by the eminent mathematician, with whom it 
originated, about the year 1750 ; and also how intimately it appears 
to be connected with the Prismoidal Formula. 

* Rankine'a Useful Kulea and Tabled, 1i edition, L"ndfio, 1 367, page 64. 
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See Fiffs. 77 and 1^, following. 

Suppose Figs. 11 and 78 to represent front views of four planes, A, 
B, C, D, or of four solids witii a thickness of unity, all standing on 
the level base line EF, and that their respective ordinates, or cross- 
sections (correllative in Simpson's Eule for Cubuture), are dlmen- 
mned as marked upon the figures. 




Pig. 18, 



1. Suppose the solids to be separated from each other by the dis- 
tance of 10 feet (or any other), and let each be computed 
independently by means of Simp'^on's Multipliers, or as they 
are all exactly alike, let one be computed and multiplied by 
4, OB follows ; 



This is clearly 
a 
F^iistnoidal (. 



\ Mean Area = 3 X 20 = 
) X 4 = 2-!0 Cubic Feet = A + B + C + D. 
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2. Now, suppose the solids to be slid along the base line EF, 
until they come in actual contact with each otber, as shown 
in Fiff. 78. Then it becomes evident that the intermediate 
flections at odd numbers (1, 3, etc), which, in the detached 
solids, Fi^. 77, were used but once, are here, when combined, 
to be used twice; while the mid-sections, or those at even 
numbers, are to be used four times, and the extreme end sec- 
tions only OTice each ; so that they become, in effect, when 
treated thus, the Multipliers of Simpson ; while tlie divisor 
is changed to 3, because the common interval i 
one-half; — and the volume of the four solids, when s 
gated together, so as to form a single body, would be 
puted by Simpson's Rule, or by his Multipliers, o^foll 



By Simpso 



By Simpson's Multiplier 

with 8 equal intervals. <, 4 X 4 = 16 

11 X 2 = 2 

/4 X 4 = 16 

( 1 X 1 = ^ 

\ 3)72 

General Mean Area . . = 24 

Common Interval . . . = 10 

Remit same as before . . = 2^0 C. Feet. 

As Simpson's Rule is an important one, we hope the above digres- 
sion to explain it fully, and the foundation on which it rests, will be 
excused by the reader. 

37. Having then taken off from a rough profile of the line run the 
centre liights to the nearest foot, and from the field notes ascertained 
the average surface slope at each station to the nearest 5°, we enter 
Tables 2, 3, and 4, and obtain the triangular areas to the intersection 
of the side-slopes (supposed to be prolonged to meet), to the nearest 
foot of area, for rock cuUing, earth cuftinff, or embankment — eacli of 
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tlieae, that we may require, we set down separately in a column, and 
■where a case occurs of a. hight exceeding the limifs of tiie Tables 
named, then we resort to the initial triangles of Table 1, by means of 
which the area duo to any hight whatever may easily he ascertained; 
then, if we find we have an even number of equal stations, we apply 
Simpson's Multipliers to the column of areas, and speedily compute 
the solidity. 

But if the equal intervals or stations are found to he uneven in 
number, strike off one station temporarily for independent calcula- 
tion, and then the number of intervals becoming even, we are ready 
to apply Simpson's Multipliers, in a column parallel to that of areas, 
and beginning at 1, as 1, 4, 2, 4, 2, 4, etc., multiplying each cross-sec- 
tion by its proper factor, and placing the results in a third parallel 
column, which we sum up and divide the total by 3 (giving a Mean 
Area as the quotient), add to this the mean area of the station 
reserved (if any), which gives a General Mean Area, to be multiplied 
by the equal interval, or length of station — say 200 feet, or whatever 
distance has been adopted and used as a common interval or station 
— the result will be cubic feet, from which cubic yards (If desired) 
can easily be found. 

But, inasmuch as the quotient of 3 (with the mean area of the 
reserved station (if any) added in) «s a General Mean Area — usually 
in square feet — it will be found more convenient, and usually more 
accurate, to use it iu connection with our Table 5, at the end of tlie 
Book, to find the cubic yards which may be desired, according to the 
directions preceding the Table. 

"We will now proceed to give examples of the process above 
explained, and for this purpose we will take the adjacent bank and 
1-ock (Mt, profiled on Fig. 76, Art. 24, as being an appropriate exam- 
ple of this expeditious method of computing an embankment, or an 
excavation in a single body, with sufficient accuracy for the purpose 
contemplated, and %mthoul vnusual dtlaij. 

Fig. 76. Bank. 

Here we find the Bank to be 1000 feet in length between the grade 
points, or 5 intervals of 200 feet each ; the number of intervals being 
uneven, we must temporarily omit one station to bring this case within 
the rule ; let the station omitted, and to be calculated independently, 
be from 5 to 7 = 200 feet. 
11 
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1 
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24 
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495 
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1980 


5 and 7 


3123 


X 


2 
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6246 


uuited. 












9 


1197 


X 


4 


= 


4788 


11 


24 


X 


1 


= 


24 










3)13062 












4354 = Partial Mean Area 



Add area of reserved station. 
The hight of the embank- 
ment and the surface-slope al 
5 and 7 being the same, this 
;rved station is a Prism, oJ 
' which the base, or sectional 
irea, is 3123 square feet, and 
' length = 200 feet . . 



General Mean Area. 



Solidity 



Or, 



Tabulated, by Roots and 
Squares, in 100 feet stations 

Difference about the half 
one per cent, more .... 



8123 



= Mean Area, reserved 



7477 Square Feet. 

200 Common Interval. 

: 1495400 Cubic Feet, 

i 55385 Cubic Yards. 



Tabulated by Roots and Squares in 100 feet stations, as though for 
a final estimate, the Bank in our example contains 55,088 Cubic 
Yards, while by our hasty process the result is 55,385 Cubic Yards, 
or 297 Cubic Yards more. As this difference is but little more than, the 
half of one per cent, upon the true amount, it can hardly be consid- 
ered as excessive for a method as brief and simple as that under con- 
sideration here. 

Fig. 76. RocK-CuT. 

The Rock-Cut, like the Bank connected with it, and tabulated 
above, is 1000 feet in length between the grade points, or 5 intervals 
of 200 feet each, which, being an uneven number, we must tempora- 
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rily omit one station, and calculate it separately, to make the number 
of intervals even, and bring it within the acope of Simpson's Eule. 
Let the station reserved be from 19 to 21 = 200 feet. 



11 192 X 

13 646 X 

15 975 X 

17 589 X 

19 771 X 



Station reserved from 19 to 
21, to make the number of in- 
tervals even, 
the Eule of Simpson. 

19 = 771 X 1 = 771 ■) 

20 = 433 X 4 = 1732 

21 = 192 X 1 = 192 I 

6)2695 I 

Mean Area = 449 J 

General Mean'Area . . 



Tabulation. 

1 = 192 
4 = 2584 

2 = 1950 
4 = 2356 
1 = 771 

3)7853 
2618 



= Partial Mean Area. 



station. 



= 3067 



!quare Feet. 
21)0 Common Interval. 
= 6134&0 = 22718 Cubic Yards, 
by Roots and 
Squares, in stations of 100 feet = 623298 = 23085 " 
IHff. about Ih per cent less =' 



= —367 



38 It will be observed that in the preceding computations 

the Grade Prism is not taken into the account, as it is deductive on 
both sides, and the only object in hand is a comparison. 

The triangular section, or area of the Grade Prism, is the minimum 
area found, in the methods of computation which go down to the 
junction of the side-slopes, and always occurs when the road-bed 
comes to grade, or the level hight on the centre line is 0. 

And we repeat, it is necessary to be careful that the volume of the 
Grade Prism (always included in the earlier steps of such calcula- 
tions) is duly deducted before the close of the operation, in order to 
determi/ie ike solidity above the road-bed in cutting, or below it in 
ailing. 
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We may here add that the earth cutting profiled ante, and 
there correctly computed by Roota aad Squares, if calculated 
with Simpson's Multipliers by the hasty process above given, in sta- 
tions of 200 feet, as though it were part of an exjtloring line, would 
give a» follows : 

Volume of Grade Prism omitted in both. 

Tabulated ante, in 100 feet stations = 18684 

" by our Hasty Process, 200 feet stations . , . = 18378 
Difference R\>on\, IJ per cent. /ess = 306 

So that this brief and hasty process, being very expedition and 
proximately correct (usually varying only 1 or 2 per cent, from the 
truth), may be safely accepted as adequate for the determination of 
the quantities of earthwork, which may be needed in rough esUmates, 
or for the comparison of exploring lines. 

For the purpose of furnishing additional aid in expediting Prelimi- 
nary Estimates, we annex four small Tables, which will be found 
quite convenient. 
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TABLES 

1, 2, 3, and 4. 

For use in Hasty or Preliminary Estimates. 
Viz ; 1. Initial Triangles to a Light of unity, and 
surface slopes. 

Triangular Areas to Intersection of Slopes. 

2. Rock Cut i to 1 and 0", 5° 10° 15°, 20". 

3. Earth Cut 1 to 1 ai d " " 

4. Embankment and " " 

Iq using Tables 2, 3, and 4 the centre hjght is generally to be 
taken to the nearest foot (though tenths might be used), and the 
ground surface slope to the nearest 5° — the^e being thought sufficient 
for rough estimates — and if the centre hight should exceed the limits 
of the Tables, then, by using the Initial Triangles of Table 1, the area 
of the cross-section for any hight whatever can be easily ascertained. 
If the centre bights necessarily contain tenths of feet, they may be 
proportioned for by the columns in the Tables for that purpose. 

Note. — All the triangular areas in Tables 2, 3, and 4, extend from 
ground line to junction of side-slopes prolonged, or edge of the diedral 
angle, which, with ground surlace, bounds on every side the earthwork 
solid. The road-bed, or grade line, may be assumed to cross the tri- 
angle at any given distance from the angle of intersection ; but the 
volume of the Grade Priam must always be ascertained and deducted 
at the close of the operation, in every calculation involving the trian- 
gular areas of the Tables. The altitude of the Grade Triangle is 
invariably = road-bed -i- 2 r, and its area will be found opposite to 
this bight in the column of the Tables. 
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TABLE 1. 

Initial Triangles, to a hight of unity, with side-slopes of J to 1 for 
Rock ; 1 to 1 for earth ; li to 1 for embankment ; and ground sur- 
face slopes of 0°, 6°, 10", 15", 20°. All computed to six places of 
decimals, and all extendiug from ground line to iutersectiou of side- 
slopes. 
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Grouni Siirfiice-slopes, 
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Adgle. 
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5= 1 10= 1 16= 


20° 
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■np¥ U'3333 


',. 


(r333333 


0-333536 1 0-3S445T| 0^36082 


0333280 



Note. — A similar Table may easily be extended to any other side, 
or surface-slope, and such extension would often be fouud useful to 
the engineer. 

Application of the above Tahle. 

Rule. — For any given hight, to find the triangular area, when con- 
ditioned as above. 

Multiply the Square of the Given Hight by the Tabular Area of the 
Initial Triangle. 



Let the given hight be 26-4 feet, the side-slope 1 to 1, and the 
ground surface-slope 20°. 

Then, (26'4)' X 1-152663 = 803-36 square feet = area of triangle 
required. 
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TriangvlaT Areas, in square feet, for side-slopea of J to 1, to intersec- 
tion of slopes, (r = J.) Slope angle = 71° 34'. 



TABLE S— Hocfc-ci 
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Triangular Areas, in square feet, for side-slopes of 1 to 1, to inter- 
eetion of dopes, (r ^ 1.) Slope angle = "45°. 



TAST.E 3—Earth'Cut. 



Sn t-8 If 5°. i 



e 15=,|S.irf,-aloiie!iO". 
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Triangular areas, in square feet, for side-slopes of IJ to 1, to inter' 
section oj ihpes. (r = IJ.) Siope angle = 33° 41'. 



T4BEE <— B«nft. 



"f£ 


Suif--slo 


«o<>. 


Surf.-Blope 5°. 


Surf.-slop 


10"- 


Surf.^lop 


16°. 


Sutf.-siopo aoo. 


"if 








T^f^ 








"Ts: 








Atom. 












Akm. 


for 1. 








T 


V50W 


~^ 


i-sacT 


■48 


1-6133 


48 


17BU0 


i 


2-1378 


,1 














SB 






































* 


J3-6 


1-93 


75 


tl 


79 


M 


B8 


zls 


103 


I7S 




1 






IM 


fa 




^74 


14? 


3-04 


m 


lis 




10 


150 


a-8i 


IM 


w 


161 


aofl 


1!B 


dil9 


214 


4'oe 




n 


l«-5 


115 


ys 


~ 


m 


139 


»n 


3 73 


369 
308 


*« 




13 


if* 


*■" 


MB 


J^ii 


303 


43* 


851 


4*3 




6-7! 




I 


1; 


1 


1 


1 




li 


1 


i] 


s 


i 




ss 


7H3>5 


705 


95t 


fHi 


1 


51 


7W 


Li 


aae 


9 62 


1 










J-79 












1090 


26 




ll)»»'9 


7 -9! 














65S 












L197 






















lis 


















W 


30 


z, 




1407 


'I 


I 


»-s- 


lOlO 








30 








isas 




1SS3 








2189 
















1757 












33 
















20M 






















113 


il9" 


"■J5 




14- 5 








IfrSS 






WO 


145 


!319 








3B 




*wi 


1 -95 






2208 






3-OS 












1 -2S 






'2829 









3087 






S9 






2S22 




S(63 


■t i 














2409 


1-85 


H4S 


12M 


2681 


&i 


S86S 


41* 


3420 


ll)-89 


40 


41 


|6|... 


i|:« 


S 


iim 


2614 


t'^ 


i?^l 


14'86 


^fl 


l^l 


4 


u 


Mia-s 


IB^ 


2»ta 


JlSl 




71 


3308 


lisi 


^ 


1'w 


44 






133S 




































ifl^a 


































































:!S73 




42M 






2U;4 














4032 












60 


Slip 






















HtKhl 




peO°. 


Surf.-ala 


' 


Sutf.-aln 




Surf.-alop 


9 15= 


Soif.-IIDI 




in 


k"t. 












_____ 










'^'*- 



»Googlc 



TABLE OF CUBIC YARDS 

IS FULI. STATIONS, OE ZETfOTBS OX- 100 I-£ET. 

CALCULATED FOR EVERY FOOT AND TENTH OP MEAN AREA, 

FROM 0- TO 1000- SUPERFICIAL FEET. 



1.— On ererj page of tbe Table, the columna en botli sides heuded M.A. coataia tba 
Mean Arena, in square, of superfioial feet. 

The hartioalal lines at top and botlom ehoir the teBtbi of Bqnnre feet of 

are the Cubic Yards (for lOfl- feet), oorreaponding to the feet and tentha of Meaa 
Area, indicated in tbe cid« oolamu?, and lines of tenths at top and bottotn. 



EXPLANATION OF THE TABLE OF CUBIC YARDS, 

To Mean Areas, in lengOis of 100' feet, and of its Ajiplieations. 

Tliis Table is computed to facilitate the conversion into Cuiic Yards 
of tlve content of any solid 100 feet in iengtli, of which the Mean Area 
in superficial feet has been ascertained. It applies directly to all 
Mean Areas from 0" to 1000' square feet (including tenths of feet), 
and being calculated to tliree decimal places, it extends indirectly to 
lOO.OOO' superficial feet of Mean Area, as will be shown hereafter. 

To find the Cubic Yards, belonging to 579"' 
sup. ft. of Mean Area, /or a full station, or length 
ExAMTLE 1. \of 100- feet : 

Opposite 579- and under '8 we find the con- 
ten t,orso/id% =2147 "407 cubic yards. 

(lOO*) / Which is equal to 

679" " sq. ft. of Mean Area X 100' feet long, 
and divided by 27. 



Cubic yards for 
l gtatiom 
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BUI.ES FOR THE MliASUKEMENT OF EARTHWORKS. IH 

Let tlie Mean Area of any solid, be 98" ' sq. ft. 

I and its length 84 ft. lineal : (being a short station). 

Then at 98'' we find 365'556 cubic yarda, 

ivhich being multiplied by ■84 taken deciniaUy, 

;ivea 365-556 X "84 =307-067 cubic yards. 

98-7 X 84- 



ESAMPLE 2, 

Cubic yards for 

thort Blatmts 

(-100-) 



Equal to... 



27- 



Example 3. 

Cubic yards for 

long stations 

(+ 100') 



Again, let the Mean Ai-ei be 88-* and the 

I length 259- feet (or a long station) ; then for 88- ' 

ft. of Mean Area, we have 328-148 cubic 

i-ds, which multiplied by 2"59 ( decimal) 
/gives =849-903 cubic yards. 

Equal to... S^:^^' 



This Table is especially useful in the computation of the Earth- 
work of Railroads, and other Public Works, where cross-sections 
have been taken normal to a guide line, at distances (generally) of 
100- lineal feet (or full stations), and the Meaa Area calculated in 
superficial feet and parts : but it is also applicable to any solid of 
which the mean section is known In square feet, and the length 100' 
feet, or any decimal part thereof. 

For, if the distances apart of cross-sections, or lengths of stations, 
be more, or less, than 100' feet, we have only to take them dedmally, 
aa in the above examples, and by a simple multiplication, of the 
tabular quantity, belonging to the known area, the correct number 
of cubic yards will be ascertained. 

The Table being calculated to three places of decimals, readily ad- 
mits of being used for Mean Areas, much exceeding its direct range 
of 1000- superficial feet (as follows) : 

Example 4. Suppose the Mean Area to be 98,967" ' sq. ft. (repre- 
senting a cut 98- • feet deep, and 1000- feet wide). 

Then for 98,900- (by moving the decimal point 
I of the tabular quantity of cubic yards for 989- 
wo figures to the right) — 
We have, area 98,900- — 366,296- ' cubic yds. 

Add 67-' = 249-' " " 

yTotal, for sq.ft... 98,967-'. 



Equal to... 



98,9 



7-'XlOQ 
27 
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n^ mjhEB FOK THE MEASUREMENT OF EAETHWOKKS. 

Again, take a Mean Area, of 100,048'' sq. ft. (representing a cut 
100- feet deep, and lOOO" feet wide). 

Tlien for 100,000 sq. ft. (by moving tlie deci- 
mal point of tlie tabular quantity of cubic yarda 
for lOOO' two figures to the riglit), 
' We have, 100,000 Area :^ 370,370' ' cub. yds. 

Add 48; • " = ^ 181 - ' " " ' 

Total for 100,048-*" =370,551-' " " 



Equal to... i^MiS^XlOO^ 

Example 4, shows the easy application of the Table, to Mean 
Areas, which may be called immense, by merely moving the decimal 
point, and a simple addition, as shown above. 

Other methods of using the Table will occur to the reader, but the 
examples given seem sufficient for illustration. 

Much pains have been taken to make this Table correct, to the 
nearest decimal, and we believe it may be safely depended on. 

J/b(e. — Besides its special application to Earthworks, the extensive 
Table following is also a general Table for the conversion of any sum 
of Ouhie Feet into Cubic Yards. Thus, in the example at page 103, 
the reduced quantities of Cubic Feet sum up 227,200 — 30,000 *= 
197,200 Cubic Feet. 

In such cases we have only to cut off two figures from tie right 
(or -i- by 100), and we have 1972, the mean area, which, in 100 fe«t 
length, would have produced the quantity given. 

"With 197-2 we enter the Table following, and find 730-370 Cubic 
Yards ; now, moving the decimal point one place to tlie r^t, we 
have 7303-70 Cubic Yards, or in round numbers, 7304 Cubic Yards, 
as already, given on page 103. 

In like manner the Cubic Yards for awy sum whatever of Cubic 
Feet can readily be obtained, and the Table being in itself strictly 
eorrect, ihe resvM vnll be reliable. 
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EtlLES I 
CTTIilC TAItD, 



t THE MEASTIEEMEST 0¥ EARTUW0KK8. 
"O MJIAX AREAS FOE lOO FEET ITT LEKG 
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KULES I 



I THE MEASUREMEMT OF EABTHWOaKS. 

TO XJiAN AitHAS I'OK 100 FEET I!f EEsaXH. 
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RCL^S FOR THE MEASUREMENT OF EARTHWORKS. 
CVJilC TARVS TO MEAJf AJtMAS FOR 100 FEET IX T,EXGTir. 
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NOTE. — Thij Toblo having been oarofullj computed bj the Author, tlirough tha 
il method of sucocssii'o additions, and verified in the toanuacript, wna set up by a 
nnd the proofs examined, and re-examined, until they were thought to 
; free from error ; fi-ially, the plates were oast, and the revises Inken from (horn anb- 
itted, page by page, to the Bomtiny of a coinpetont Civil Engineer, who examined the 
hole, figure by figure, and ultimately reported but few slight mistakes, whioh were 
n mediately corrected in the plates themaelies; so that every precaution having been 
iken to secure acouracy :— the Author fceb justified in declaring bis belief, that the 
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SCIENTIFIC BOOKS, 

PUBLISHED BY 



23 MURRAY STREET, and 27 WARREN STREET, 



PLATTNER'S MANUAL OF QUALITATIVE AND QUANTI- 
TATIVE ANALYSIS WITH THE BLOWl'IPE. From the laat 
Gi«rman edition, revised and enlarged. By Professor Th. Eichter, 
Tninslated by Prof. Henry B. Cornwall, E. M. Illustrated with 
eighty-seven woodcuts itnd one lithographic plate. 560 pages, 8vo. 
Cloth. $7.50. 

LOWELL HYDRAULIC EXPERT MEN TS-being a aelection from 
Experiiuenta on Hydraulic Motors, on the Flow of Water over Weirs, 
and ia Open Canals of Uniform Rectangular Section, made at Lowell,' 
Mass. By J, B. Francis, Civil Engineer. Third edition, revised 
and enlarged, iacludins many New Experiments on Gauging Water 
in Open Canals, and on the Flow throiigli Submerged- Oriticea and Di- 
verging Tubes. With 23 copperplates, beautifully engraved, and about 
100 new pages of test. 1 vol., 4to. Cloth. $15. 

FRANCIS (J. B.) ON THE STEENGTH OF CAST>IEON PIL- 
LARS, with Tables for the use of Engineers, Architects and Build- 
ers. 8vo. Cloth. S2. 

USEFUL INFORMATION FOE BAILWAT MEN. Compiled by 
W. G. Hamilton, Engineer. Fourth edition, revised and eoliuged. 
570 pages. Pocket form. Morocco, gilt. S-2. 

WEISBACH'S MECHANICS. New and revised edition. A Manual 
of the Mechanics of Engineering, and of the Construction of Ma- 
chines, liy Julius Weisbach, Ph. D. Translated from the fourth 
augmented and improved German edition, by Eckley B. Coxe, A. M., 
Mining Engineer. Vol. I.— Theoretical Mechanics, 1 vol. 8vo, 
1100 pages, and 902 woodcut illustrations, printed from electrotype 
copies of those of the best German edition, $10. 

Abstract or CoNTENTa.— Introduotion to the Calcului— Thfl General Principles of 
Meehaniea— Phorunomica, or the Purely MatbemntieBl Theory of Motion— Meehiraies, 
or the General Pliys loiil Theory of Motion— Stntiea of Rigid Bodies— The Application 
of Stati.'S to Bldstieity aad Htrenglh- Dyoamics of Rigid Bodies— Statics of Fluids— 
Dynamiea ot FInids— The Theory of OMlllstion, etc. 

forms *W™to*iU™h moat mid Tl/™"iu'trtl^elItilS 
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D. VAN NOSTEAND'S LIST OF SCIENTIFIC BOOKS. 

A TREATISE ON" THE PRINCIPLES AND PBACTICE OP 
LEVELLISfG. Showing its application to purposes of Railway Engi- 
neering and the Conatruction of Roads, etc. By Frederick W. 
SIMMS, C. E. Prom the fifth London edition, revised and corrected, 
with the addition of Mr. Law's Practical examples for Setting Out 
Railway Curves. Illustrated with three lithographic plates and nu- 
merous woodcuts. 8vo, Cloth. $2. SO- 
PRACTICAL TREATISE ON LIMES, HYDRAULIC CEMENTS, 
AND MORTARS. Containing reports of numerous experiments 
conducted in New York City, during the years 1858 to 1861, inclusive. 
By Q. A. GiLLMOBE, Brig.-General U. 8. Volunteers, and Major U. 
S. Corps of Engineers. With numerous illustrations. Third edition. 
8vo. Cloth. U. 

COIGNET RETON, and other Artificial Stone. By (J. A. GiLLjroRB, 
Major U. S. Corps Engineers. Nine plates and views. 8vo. Cloth. 
$3.60. 

A TREATISE ON ROLL TURNING for the Manufacture of Iron. 
By Peter Tunner. Translated and adapted. By John B. Pease, 
of the Pennsylvania Steel Works. With numerous engravings and 
woodcuts. 1 vol. Bvo, with 1 vol. folio of plates. Cloth. flO. 

MODERN PRACTICE OF THE ELECTRIC TELEGRAPH. A 
Hand JJook for Electricians and Operators. By Frank L. PorE. 
Fifth edition. Revised and enlarged, and fully illustrated. 8vo, 
Cloth. $2. 

TREATISE ON OPTICS ; or, Light and Sight Theoretically and 
Practically Treated, with the application to Fine Art and Industrial 
Pursuits, By E. Nugent. With 103 illustrations. 12rao. Cloth. $2. 

THE BLOW-PIPE. A System of Instruction in its practical use, 
being a graduated course of Analysis for the use of students, and all 
those engaged in the Examination of Metallic Combinations, Second 
edition, with an appendix and a copious index. By Professor George 
W. Plympton, of the Polytechnic Institute, Brooklyn. 12mo. 
Cloth. $2. 

KEY TO THE SOLAR COMPASS and Surveyor's Companion; 
comprising all the Rules necessary for use in the Field. By W. A. 
BuKT, U. S. Deputy Surveyor. Second edition. Pocket Book form. 
Tucks. $2.50. 

MECHANIC'S TOOL BOOK, with practical rules and suggestions, 
for the use of Machinists, Iron Workers, and others. By W. B. 
Harbison, associated editor of the "American Artisan.*" Illus- 
trated with 44 engravings. 12mo. Cloth. $2.50. 

MECHANICAL DRAWING, A Test-Book of Geometrical Drawing 
for the use of Mechanics and Schools, in which the Definitions and 
Rules of Geometry are fiimiliarly explained ; the Practical Problems 
are arranged, from the most simple to the more complex, and in their 
description technicalities are avoided as much as possible. With illus- 
trations for Drawing Plans, Sections, and Elevations of Buildings and 
Machinery ; an Introduction to laometrical Drawing, and an Essay 
on Linear Perepective and Shadows. Illustrated with over 200 dia- 
grams engraved on steel. By Wm. Minifie, Architect. Eighth 
edition. With an appendix on the Theory and Application of Colors. 
1 vol., 8vo. Cloth. U. 
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